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predicting reinforcement loads is essential for ensuring safety, supporting reliability
analyses, and enabling reliability-based optimization in geotechnical design. This paper
presents a probabilistic framework to characterise uncertainty in load prediction models
for geosynthetic-reinforced soil walls. Model uncertainty is assessed through a Bayesian
updating framework that compares analytical predictions with monitoring data from
well-instrumented walls, while explicitly accounting for the uncertainties associated with
model parameter estimation. The random variables considered include the soil unit weight
and the angle of internal friction. The applicability of the framework is illustrated using two
simple analytical methods: the American Association of State Highway and Transportation
Officials (AASHTO) Simplified Method and the K-Stiffness Method. This framework
also allows model uncertainty to be updated as new monitoring data become available.
In addition, it can be extended to other analytical or numerical models commonly employed
for the design of geosynthetic-reinforced soil walls. This flexibility enhances its potential

for practical adoption and for guiding future reliability-based studies.

1. Introduction

Analytical models are widely used in geotechnical
engineering to predict the performance of soil-structure
systems. These models are based on assumptions that
idealize the behavior of geomaterials, thus simplifying
the real behavior. Furthermore, soil is a heterogeneous
material with complex and highly variable behavior. As a
result, the responses of geotechnical models are inherently
approximations. Thus, geotechnical system performance
and safety depend strongly on the accuracy of the design
models. Consequently, quantifying and incorporating
model uncertainty into geotechnical practices is essential
for improving reliability.

Model uncertainty can be characterised by a systematic
comparison between model predictions and observed performance.
However, a direct comparison may be inadequate, since
uncertainties in input parameters and measurement data can
also contribute to the differences between model predictions
and observed performance (Zhang et al., 2009, 2012).

Although the importance of model uncertainty in
geotechnical engineering is widely recognized, recent
studies addressing this topic remain limited and often focus

on specific applications. Khademian et al. (2017) evaluated
model uncertainty in settlement prediction for a subway
tunnel excavation. Tang & Phoon (2019) assessed uncertainty
in driven pile design using 239 static load tests. Heidarie
Golafzani et al. (2020) incorporated model uncertainty into
reliability-based assessments of axial pile bearing capacity.
More recently, Hosseinpour et al. (2024) used a probabilistic
site-effect assessment algorithm considering uncertainties
in geological models and geotechnical parameters for the
development of probabilistic seismic microzonation.

A practical approach for the characterisation and
updating of model uncertainty in predicting the behavior of
geosynthetic-reinforced soil walls is essential for enhancing
safety and supporting the development of reliability-based design.
Estimating model uncertainty helps improve the reliability of
design predictions, reduce conservatism, and support informed
engineering decisions. Furthermore, it enables advances in
modern design methodologies (Phoon & Kulhawy, 2005;
Dithinde et al., 2011; Belo et al., 2022; Assis & Nogueira,
2023; Hosseinpour et al., 2024), such as reliability-based
design optimization approaches, which integrate uncertainty
into the decision-making process (Basha & Babu, 2010,2012;
Santos et al., 2018; Mahmood et al., 2022).
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Probabilistic framework for characterising analytical model uncertainty in geosynthetic-reinforced soil walls

This study presents a practical framework to characterise
the model uncertainty associated with analytical methods
used to design geosynthetic-reinforced soil walls under static
loading. A Bayesian updating framework, originally proposed
by Zhang et al. (2009, 2012), is employed to quantify model
uncertainty based on the comparison between predicted and
measured reinforcement loads in well-instrumented walls.
The applicability of the framework is illustrated using
two analytical methods: the AASHTO Simplified Method
(AASHTO, 2014) and the K-Stiffness Method modified by
Miyata & Bathurst (2007). The analysis is based on a dataset
comprising 80 measured reinforcement loads collected
from 17 well-documented geosynthetic-reinforced walls
reported in the literature. It should be emphasized that this
work does not aim to provide an exhaustive assessment of
the uncertainty associated with these analytical models.
Instead, the selected design methods and case histories
serve to demonstrate the practical implementation of the
proposed approach, highlighting its robustness as a tool to
support reliability-based design. In practical applications,
model uncertainty should be updated by considering prior
knowledge and incorporating reliable and representative
case histories relevant to the project under consideration.

2. Bayesian framework for characterising
model uncertainty

The methodology proposed by Zhang et al. (2009, 2012)
enables the characterisation and updating of model uncertainty
in geotechnical systems, considering the natural variability
of input parameters and the measurement errors in observed
performance data. This approach is grounded in the concept
of Bayesian updating, whereby prior knowledge about model
uncertainty is revised using observed performance data. In
this context, observations from similar geotechnical systems
can be used to infer model uncertainty, even when the input
parameters are uncertain, and the observed response is affected
by measurement errors.

Let g/, denote a model used to predict the behavior of a
geotechnical system, where 6 represents a vector of uncertain
input parameters. Due to model uncertainty, 8() May not
represent the real response ( y) of the system. Thus, a model
correction factor (8) can be introduced to represent the effect of
model uncertainty. The model correction factor can be applied
additively (Christian etal., 1994; Cetin etal., 2002; Moss et al.,
2006; Zhang et al., 2009) or multiplicatively (Gilbert & Tang,
1995; Juang et al., 2004; Zhang et al., 2012). In this study, the
additive formulation was adopted, as shown in Equation 1.

y=g(0)+e O]

The presence of error during the process of measuring
the performance of the geotechnical system implies that the
observed response (d ) may not represent the real response

( y). Similar to the model correction factor, an observation
uncertainty factor (A) is applied, as shown in Equation 2.

d=y+A )

Combining Equations 1 and 2, the relationship between
8(p), A, € and d is expressed by Equation 3.

d=g(9)+A+g 3)

Since the objective is to characterise model uncertainty,
we deﬁne G, = o)t A, where x = {49, A}. Substituting into
Equation 3, we obtain:

d= G(x) +& (4)

For practical studies in geotechnical engineering, it
is common to consider a normal distribution to describe
a random variable. Thus, it is convenient to assume that ¢
follows a normal distribution with mean 4, and standard
deviation &,. Therefore, the probability density function of
¢ is given by Equation 5.

exp{ ®)

_ 1
f(swg,%) - 0'8\/%

Based on Equations 4 and 5, d is normally distributed
with mean of G(x + 4, and standard deviation of o, if x,
U, and o, are known. The conditional probability density
function of d given x, 1, and o, is given by Equation 6.

(d; Gy~ Hs )2

(6)

f(d\ﬂg,%,x) = pu

Given historical data from » similar geotechnical
systems, where both x and d are known, model uncertainty
can be characterised. Assuming statistical independence, the
likelihood is expressed as the product of the probabilities of
individual observations, as shown in Equation 7.

n 1
L = exp
(4505, X1d) 1;[ ogx/ﬁ
Here, X = {xl,xz,...,xn} and d = {dl,dz,...,dn}. Let
f( 4y.0,) nd f(x’) denote the probability density functions of
the prior knowledge of { 41,0, } and x;, respectively. Thus,
according to Bayes’ theorem, the subsequent probability

density function of { M. 0., X } is given by Equation 8.
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Where £ is the normalization constant to make the probability
density function valid. As the interest is to estimate the statistics
of &, X in the subsequent distribution can be eliminated by
integration. The update of the knowledge of 1, and o, can
be obtained from Equation 9.
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Where S, | denotes the space of x;. Equation 9 provides a
theoretical framework for characterising the uncertainty of a
model when input parameters and observation data are subject
to uncertainty. However, this formulation is not practically
applicable. The large number of random variables (x;(i =
1,2, .., n), u, and o,), the number of integrations (») and
the complexity of the geotechnical model (g(g)) make the
numerical solution of Equation 9 difficult. To address these
computational challenges, Zhang et al. (2009) proposed an
approximate solution, as shown in Equation 10.

f(//g,crgld) ~k- f(ﬂg,%)
- 1

=l \/25(0'52 + %)’ )

JURZE )

2
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In Equation 10, Ha,, and o are the mean and standard
deviation of G anﬁ can be calculated using Monte Carlo
simulation. Thus, Equation 10 involves only two random
variables (1, and o) and eliminates the multiple integrations
and complexity of the geotechnical model from the Bayesian
framework.

One of the ways to solve Equation 10 is by using
the Metropolis-Hastings algorithm, Gelman et al. (2014),
which is a rejection sampling algorithm used to generate
a sequence of samples from a probability distribution. The
posterior statistics of 4, and o, can be inferred from the
samples generated by the Metropolis-Hastings algorithm.

exp

(10)

To solve the original problem of characterising model
uncertainty, Equation 8, the Monte Carlo sampling method
via Markov chain (MCMC simulation) can be adopted.
MCMC simulation is a method for extracting samples from
an arbitrary distribution by means of a Markov chain that
converges to the target distribution. This approach has been
used in geotechnical engineering by Wang et al. (2010),
Zhang et al. (2010, 2012) and Santoso et al. (2011).

To solve Equation 8, Zhang et al. (2012) proposed an
approach, called Hybrid MCMC Simulation, which combines
the Metropolis algorithm, Metropolis et al. (1953), and
the Gibbs sampler, Geman & Geman (1984), to generate
Markov chains.

In this study, the approximate solution proposed by
Zhang et al. (2009) was used to define the prior probability
density function of { ,ug,O'g}. The posterior distribution
S u,.0,.xa) Was then updated using the Hybrid MCMC
methodology developed by Zhang et al. (2012). The Markov
chain was constructed using a normal distribution as the
jump function.

3. Application of the probabilistic framework
to model uncertainty

To characterise the model uncertainty applying the
methodologies described by Zhang et al. (2009, 2012),
reliable measured data of the studied system are needed.
In this study, to assess the uncertainty associated with the
AASHTO Simplified Method (AASHTO, 2014) and the
K-stiffness method (Miyata & Bathurst, 2007), a dataset
comprising 80 measured axial reinforcement loads from
17 full-scale geosynthetic-reinforced soil walls with
cohesionless backfill, subjected to static surcharge loading
and constructed with varying geometries and materials,
was analyzed.

The dataset includes measured loads from several
well-instrumented walls: GW16 and GW 16 with surcharge
(Allen et al., 1992), GW9 and GW9 with surcharge
(Bathurst et al., 1993), GWS5 (Bright et al., 1994), GW20-
HDPE and GW20-PP (Carrubba et al., 1999), GW8 and GW10
(Christopher, 1993), GW7-Section J and GW7-Section N
(Fannin & Hermann, 1990), GW18 (Knight & Valsangkar,
1993), GW19 (Schlosser et al., 1993), and GW22 to GW25
(Tajiri etal., 1996). The main characteristics of the walls, such
as height, face type, inclination, and geotechnical parameters,
are summarized in Table 1. For additional details, readers are
referred to the original references. The nomenclature used
for identifying each wall follows the conventions proposed
by Allen et al. (2002) and Miyata & Bathurst (2007). The
scope of this study is limited to soil walls reinforced with
geosynthetics constructed with granular soil fills (cohesionless
soils), considering only internal failure mechanisms under
static loading conditions.

Soil. Rocks, Sao Paulo, 2026 49(3):¢2026014725



Probabilistic framework for characterising analytical model uncertainty in geosynthetic-reinforced soil walls

It should be noted that these case studies were selected
solely to provide an illustrative dataset for applying the
probabilistic framework. Therefore, they do not represent
an exhaustive review of all available full-scale tests, but
rather a representative sample that enables demonstrating
the methodology in a practical and transparent way.

In this study, the uncertainty associated with measurement
data is unknown. Therefore, for simplicity, the observation
uncertainty factor (A) is neglected, and the model uncertainty
is given by G(x)=g(6). However, in practical design
applications, the uncertainty associated with measurement
data should not be disregarded, as its consideration is essential
to ensure greater robustness and reliability in engineering
decisions.

To account for the intrinsic soil variability, in each case,
the uncertainty vector is composed of the soil unit weight
and internal friction angle, x = {9} = { 7/;¢}.

To determine the model uncertainty using the MCMC
simulation approach proposed by Zhang et al. (2012), it is first
necessary to define a prior distribution for 1, and 5, as well
as the uncertainty of y and ¢. For the former, initial estimates
are obtained using the method presented by Zhang et al.
(2009), in which the statistics of g (x) are evaluated through
Monte Carlo simulation with 50000 samples. For the latter
parameters, prior knowledge was derived from literature

Table 1. Summary of walls used in this study.

sources and engineering judgment (e.g., Lacasse & Nadim,
1996; Duncan, 2000; Ferreira et al., 2016). In this work,
the prior distribution of ¥ was defined as log-normal with a
coefficient of variation (COV) of 10%, while ¢ was modeled
as normal with a COV of 7.5%.

A total of 10000 samples were used to evaluate the
statistical behavior of 1, and o, through the simplified
method of Zhang et al. (2009). However, the initial samples
of the Markov chain may be unstable; therefore, only the last
5000 samples were considered to determine the statistical
parameters. The results are presented in Table 2.

The statistical estimates obtained using the simplified
approach by Zhang et al. (2009) were adopted as prior
knowledge for the hybrid MCMC simulation proposed by
Zhangetal. (2012). Preliminary analyses were then performed
to evaluate the influence of the initial point, jump function
parameters, and Markov chain length on its performance.

To assess the influence of choice of the initial point,
simulations were conducted using both a fixed initial point
{ ug,ag} and randomly generated points within a range
approximately three times the mean values obtained from the
simplified analysis. The results indicate that variations within
this range do not affect the convergence of the algorithm, as
differences in 4, and o, when present, were limited to the
second decimal place.

Wall height Face inclination . V4 @

Wall Face type o Geosynthetic type :
(m) . ©) yrhene b (Nm) ()

GWS5 4.7 Full-height propped concrete panel 90 Extruded geogrid (HDPE) 19.6 53
GW7® 4.8 Welded wire facing units 117 Extruded geogrid (HDPE) 17.0 46
GW8 6.1 Incremental concrete panel 90 Extruded geogrid (HDPE) 20.4 43
GW9® 6.1 Segmental (masonry block) facing units 93 Woven geogrid (PET) 204 43
GW10 5.9 Wrapped-face 90 Nonwoven geotextile (PET) 20.4 43
GW16? 12.6 Geotextile wrapped-face 93 Woven geotextile (PP and PET)®  21.1 93
GW18 6.1 Full-height propped concrete panel 90 Extruded geogrid (HDPE) 20.4 45
GW19 6.4 Incremental concrete panel 90 Geostrip (PET) 16.4 42
GW20@ 4.0 Welded wire facing units 95 Extruded geogrid (HDPE and PP)  21.1 57
GW22 6.0 EPS block facing 90 Extruded geogrid (HDPE) 16.7 48
GW23 6.0 Incremental concrete panel 90 Extruded geogrid (HDPE) 16.7 48
GWw24 6.0 Full-height propped concrete panel 90 Extruded geogrid (HDPE) 16.7 48
GW25 6.0 Solid masonry block 90 Extruded geogrid (HDPE) 16.7 48

(MOGW7 was designed in two sections (J and N sections) with different reinforcement spacing and length. ®Walls constructed under both surcharge and non-surcharge conditions.
®OGW16 was divided into zones using woven geotextiles made with different polymers (PP and PET). “GW20 was constructed with two section types: one reinforced with
a uniaxial HDPE geogrid and the other with a biaxial PP geogrid. HDPE = High-density polyethylene. PET = Polyester. PP = Polypropylene.

Table 2. Previous knowledge of ¢ .

. . Hy O¢
Design method Dist.
Mean SD Mean SD
AASHTO Normal -4.06 0.49 3.66 0.42
K-stiffness Normal -0.06 0.07 0.43 0.07
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The results above do not imply that any starting point
can be selected. When the initial point deviates significantly
from the true model characterisation parameters, a longer
Markov chain is required to ensure convergence. Therefore,
it is recommended to perform preliminary analyses using
the simplified model, with a starting point near the origin,
to evaluate the chain’s behavior, verify its stabilization, and
define an adequate starting point.

The convergence of the algorithm is also influenced
by the choice of the jump function parameters used to
generate random samples during the construction of
the Markov chain. As a preliminary step, analyses were
conducted using the simplified model to define suitable
jump function parameters. The jump function was modeled
assuming normal distributions for both x4, and o,. For
the AASHTO Simplified Method, a standard deviation
of 0.5 was adopted (SD, 4o ,, =SDy4eq - =0.5), while
for the K-Stiffness Method a smaller value of 0.1 was used
(SDyteq y, =SDygeg o =0.1). Accordingly, the influence
of these parameters on the convergence of the hybrid MCMC
algorithm was assessed by varying the standard deviation of the
jump function within the range 0.18D,, ., < SD 40y < 108D 4,
It is well known that adopting a very large standard deviation
in the jump function is associated with a low acceptance
rate, whereas using a small standard deviation leads to a
high acceptance rate. Gelman et al. (2014) suggested that the
acceptance rate should be close to 0.44 to produce efficient
Markov chains. In this study, low standard deviation values
resulted in acceptance rates between 0.88 and 0.94, while
high standard deviation values yielded acceptance rates
of 0.08 and 0.09. Nevertheless, the results indicate that,
regardless of the standard deviation, algorithm convergence
was achieved when the Markov chain length was equal to
or greater than 10000 samples.

Finally, to investigate the influence of Markov chain
length on algorithm convergence, simulations were conducted
with different numbers of samples (1000; 3000; 5000; 10000;
and 30000). When using a starting point near the true model
characterisation parameters and adopting suitable jump

4.8 (a)

4.4

3.6

3.2

28

24

-6 -5.6 -5.2 -4.8 -4.4 -4 -3.6 -3.2 2.8 -2.4
He

function parameters, the results for the statistical values
and distributions of u¢ and o¢ indicate that 3000 samples
are sufficient for the algorithm to converge. Increasing the
number of samples (5000; 10000; and 30000) provided
further improvements but also led to substantially longer
processing times (approximately 1.7, 3.5, and 9 times longer
than the runtime with 3000 samples, respectively). Moreover,
considering the stabilization of the Markov chain, the initial
samples must be discarded before computing the statistics.

Therefore, in this study, the characterisation of model
uncertainty using the hybrid MCMC simulation was based
on the following: (i) prior knowledge determined using the
simplified method, as presented in Table 2; (ii) a Markov
chain length of 10000 samples; (iii) statistical estimates
computed from the last 5000 samples of the Markov chain;
(iv) an initial point equal to the values of x, and o, defined
as prior knowledge; (v) Normal distribution for the jump
function with standard deviation defined as SD = SD,,4,
; and (vi) parameters for characterising model uncertainty
defined based on 10 simulation runs.

Figure 1 presents the sample distributions of , and
o, for both analytical methods. The samples generated by
the hybrid MCMC simulation move within the x, and o,
space as expected for a multivariate normal distribution,
confirming the model’s satisfactory performance.

Figure 2 and Table 3 show the model uncertainty
characterisation for the AASHTO and K-Stiffness methods
obtained by hybrid MCMC simulation. Figure 2 shows the
histograms and the corresponding normal distribution curves
of 1, and o, while Table 3 reports the parameters of the
posterior normal distribution.

As expected, the K-stiffness method provides more
accurate predictions compared to the AASHTO method. This
is primarily because the K-stiffness method was developed
and calibrated using monitoring data from real full-scale
structures. In contrast, the AASHTO method is based on
limit equilibrium theory and neglects several important
factors, such as geosynthetic stiffness, facing stiffness, and
the effects of soil compaction.

(b)

09
0.8

0.7

06

05

05 04 0.3 0.2 -0.1 0 0.1 0.2 03
He

Figure 1. Sample distribution of £, and o, for (a) AASHTO method and (b) K-stiffness method.
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Figure 2. Histogram of /4, and o, for (a-b) AASHTO method and (c-d) K-stiffiress method. The dashed line represents the prior probability
density function estimated by the simplified method and the solid line the best fits the samples generated by the hybrid MCMC simulation.

Table 3. Parameters of the posterior distribution of &.

. . ﬂ& O-c‘:
Design method Dist.
Mean SD Mean SD
AASHTO Normal -4.07 0.34 3.67 0.28
K-stiffness Normal -0.12 0.07 0.82 0.07

4. Conclusion

Overall, the simulations demonstrated good convergence
and stability of the algorithms. In the tests carried out, the
simulations were consistent with each other and showed a low
coefficient of variation. In addition, the samples generated
are consistent with the multivariate normal distribution. The
choice of initial point did not significantly affect convergence;
however, algorithm performance was found to be sensitive
to the chain length and the tuning of the jump function.

Differences in the model uncertainty statistics were observed
when comparing the simplified approach (Zhang et al., 2009)
with the hybrid MCMC simulation approach (Zhang et al.,
2012); however, considering the ease of implementation
and the savings in computational time, the results of the

approximate method were deemed satisfactory for an initial
estimate. In this study, the simplified approach was employed
to calibrate the model parameters (starting point, Markov chain
size, jump function, and distribution type), and its results were
used as prior knowledge in the subsequent analyses with the
hybrid MCMC simulation approach.

Despite the satisfactory performance of the proposed
framework, some limitations should be acknowledged.
The robustness of the model uncertainty characterization
is influenced by the amount and quality of available
full-scale monitoring data, which naturally constrains
the statistical confidence of the results. In the proposed
probabilistic framework, soil parameters were assumed
to be statistically independent, although for cohesionless
backfills, positive correlations are often observed in practice.
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Furthermore, in this study, the uncertainty associated with
measurement data was neglected due to the lack of detailed
information on instrumentation accuracy, which may slightly
bias the results by attributing all discrepancies to model error.

Finally, the findings of this study demonstrate that the
proposed probabilistic framework provides a robust methodology
for characterising model uncertainty in geosynthetic-reinforced
soil walls. The simplified approach offers an efficient and
practical preliminary assessment, whereas the hybrid MCMC
simulation enables a more accurate quantification of uncertainty.
Overall, this framework can serve as a valuable tool for
reliability-based design and informed engineering decision-
making, supporting safer geotechnical designs.
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List of symbols and abbreviations

d observed response of geotechnical system

f probability density function to normal
distribution

g model used to predict the behavior of a
geotechnical system

k normalization constant to make the
probability density function valid

n number of geotechnical systems

X vector of random variables comprising
model parameters and observation uncertainty

y real response of geotechnical system

AASHTO Association of State Highway and
Transportation Officials

CAPES Coordination of Improvement of Higher

Education Personnel

corv covariance of a variable

G(x) model prediction considering observation
error

GW geosynthetic wall

HDPE high-density polyethylene

L Likelihood function

MCMC Monte Carlo sampling method via Markov
chain

PEAD high-Density Polyethylene.

PET polyester

PP polypropylene

SD standard deviation

SD y4eq standard deviation of the jump function

Stx) space of x;

USP University of Sdo Paulo

X set of input vectors representing model
parameters for the n observations

I specific weight

A observation uncertainty factor

£ correction factor of geotechnical system

0 vector of uncertain input parameters

y7, mean value of the distribution

o standard deviation of the distribution

{ ,ug , Ug} fixed initial point

@ friction angle
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