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1. Introduction

Probabilistic analyses are indispensable for effectively 
managing risks and supporting the design and maintenance of 
geotechnical structures. These approaches have been applied 
in a wide range of scenarios, including foundation systems, 
embankments, slopes, and tailings dams (Phoon et al., 2022).

A key challenge in probabilistic modeling is the high 
data density required for reliable statistical characterization. 
Conventional site investigations are often constrained by 
cost and logistics, resulting in sparse data. In this context, 
the piezocone penetration test (CPTu) has emerged as a 
valuable tool, providing continuous measurements along 
a vertical profile and thus enabling the extraction of large, 
high-resolution datasets. As noted by Salgado et al. (2015), 
such datasets reduce the potential for bias and enable robust 
statistical and probabilistic analyses.

Recent studies have highlighted the reliability of CPT 
(cone) and CPTu (piezocone) data in estimating key spatial 
variability descriptors, including the coefficient of variation 
(COV), probability density function (PDF), and vertical scale 
of fluctuation (δv). For example, Pieczyńska-Kozłowska et al. 

(2021) compared fluctuation scales calculated from CPT 
and CPTu data in natural clays. Their results confirmed the 
consistency of the use of direct measurements (qc and fs) and 
derived parameters such as the friction angle, cohesion, and 
undrained shear strength.

Hu & Wang (2024) proposed a method to assess profile 
homogeneity on the basis of autocorrelation functions, 
comparing original CPT profiles with partial segments. 
Although effective, their method requires careful preprocessing, 
including detrending and segmentation, before residuals can 
be used to generate representative random fields.

Agbaje et al. (2024) employed random field modeling 
to investigate the failure behavior of a cut slope in clay, 
interpreting the undrained shear strength from ten CPTu 
profiles. Using a log-normal distribution and Bayesian 
calibration, they established consistent probabilistic fields. 
Their findings suggested that failure probabilities were not 
significantly affected by fluctuations in correlation length. 
However, they also highlighted persistent challenges in 
characterizing variability across material transitions, such as 
from clays to sands, which induce spikes in autocorrelation 
and complicate the estimation of correlation lengths.
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In the context of silty materials (mainly tailings), 
Becker  et  al. (2024), Dienstmann  et  al. (2025a, b), and 
Campos et al. (2025) can be cited. Becker et al. (2024) assessed 
the variability of undrained shear strength in iron tailings from 
the Germano dam and reported that the normalized strength 
Su/σ′vt followed a lognormal distribution and that thicker plastic 
layers exhibited lower mean values and reduced variability. In 
the applications presented by Dienstmann et al. (2025a, b), the 
objective was to characterize the variability of a gold tailings 
deposit through the analysis of individual CPTu sounding 
profiles, seeking to establish behavioral patterns, variations in 
COV, and the most recurrent PDFs for modeling parameters 
such as qc, fs, and u2. The material exhibited high variability, 
with COV values ranging from 0.18-5.27 (18-527%). Some 
soundings also presented greater difficulty in defining PDFs. 
The lognormal distribution appeared to be a suitable fit for 
modeling the variability of the qc and fs data, whereas a 
normal distribution was more appropriate for modeling the u2 
data. In some cases, the exponential distribution provides 
an adequate fit for certain parameters at specific soundings. 
Fluctuation scales were also addressed in Dienstmann et al. 
(2025a), evaluated by individual sounding profiles, and were 
found to range from 0.10-2.04 m.

Expanding on this research, Campos  et  al. (2025) 
characterized the spatial variability of bauxite tailings using 
CPTu data, evaluated vertical fluctuation scales (δv) through 
theoretical autocorrelation model fitting, along with PDF 
estimation and stationarity analysis of the profiles. Their 
work also introduced a classification scheme (based on the 
Soil Behavior Index IcRW) to separate profiles into drained, 
partially drained, and undrained categories. The basic statistical 
characterization was performed after careful separation of 
profile segments and removal of trends, followed by grouping 
according to the material’s behavioral characteristics. This 
approach proved more appropriate for analyzing the variability 
of the fs, qc, and u2 readings, as well as the derived parameters.

The present study builds upon the approach proposed by 
Dienstmann et al. (2025a, b) by integrating the classification 
algorithm developed by Campos et al. (2025) to separate the 
dataset according to drainage behavior in combination with 
an independently developed trend analysis. This stratification 
enables the statistical characterization of granular (drained), 
intermediate (partially drained), and fine (undrained) 
material behavior. On the basis of this classification, the 
most appropriate probability density functions (PDFs) for 
each behavioral classification were identified, providing a 
statistical basis for subsequent numerical modeling.

2. Theoretical background

2.1 Random field theory

Inherent variability in geotechnical parameters can 
be discretized through the spatial representation of random 

fields, as described by Phoon & Kulhawy (1999). In this 
framework, a geotechnical parameter can be expressed as 
a combination of two components: a deterministic trend 
component—typically depth dependent—and a fluctuation 
component representing local variability or noise, as shown 
in Equation 1:

( ) ( ) ( )x t x w xξ = +  	 (1)

where ξ(x) is the geotechnical parameter under consideration, 
t(x) represents the deterministic trend, and w(x) denotes the 
fluctuation or residual component.

The fluctuation term w(x) can be characterized using 
basic statistical descriptors such as the mean (μ), standard 
deviation (σ), probability distribution function (e.g., Normal, 
Lognormal), and spatial correlation structure. The latter is 
typically described using the spatial correlation length (SCL, 
which is also denoted as δ, or scale of fluctuation, SOF), a 
concept first introduced by Vanmarcke (1977). Together with 
the autocorrelation function, the SOF defines how a property 
is spatially correlated.

Since its introduction by Vanmarcke (1977), the 
concept of the SOF has been widely discussed, with several 
methodologies proposed for its estimation (e.g., Kenarsari et al., 
2013; Nie et al., 2015; Salgado et al., 2015). The theoretical 
autocorrelation model adjustment (TAM) was used in the 
present study and will be briefly described.

2.2 Autocorrelation function

The autocorrelation function itself is a statistical 
measure that reflects the degree of similarity between data 
points as a function of their spatial separation. It is computed 
in two steps:

1.	 Covariance calculation between values of a variable 
X at points separated by a lag τj ​ (Equation 2);

2.	 Normalization of this covariance by the variance of 
the data (Equation 3) yields the sample autocorrelation 
ρ(τj​).

The lag τj is defined in Equation 4:
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where: ( ) covariancejC τ =  at lag jτ ; n = number of available 
measurements; Xi = value of the parameter X at depth zi; 

mean of  X Xµ = ; index for lag stepsj = ; ( )jρ τ = sample 
autocorrelation; ( )1  C τ =  variance (covariance at zero 
lag); minimum spacing between measurementsz∆ = ; and 

separation distance between points  and .j i i jX Xτ +=
After defining the autocorrelation function from field 

data, numerical models can be applied to estimate the scale 
of fluctuation using the TAM method. In this approach, 
the vertical spatial correlation length is obtained by fitting 
theoretical autocorrelation functions to the empirically derived 
autocorrelation. Table  1 summarizes the most common 
theoretical models and their corresponding relationships between 
the separation distance (τ) and the scale of fluctuation (δ).

2.3 Important considerations for estimating SOF

Several practical considerations influence the accuracy 
and interpretation of SOF values:

1.	 Soil stratification significantly affects SOF estimation 
(Overgård, 2015);

2.	 The sample resolution is critical—a spacing smaller 
than 1/5-1/4 of the SOF is recommended for reliability 
(Huber, 2013);

3.	 The soil type, test method, and location all impact 
spatial correlation behavior (Uzielli et al., 2007).

Larger SOF values indicate smoother spatial variations 
and stronger correlations between nearby data points, whereas 
smaller values suggest abrupt changes and weaker spatial 
correlations. Extending the concepts described above to 
tailings requires careful consideration of trend variability. 
Direct comparisons of piezocone tests from different 
investigation islands within the same tailings storage facility 
(TSF) can reveal distinct behavioral patterns, as reported by 
Dienstmann et al. (2018a), which must be accounted for in 
the analysis.

3. Materials and methods

3.1 Site characterization – gold tailings

The tailings storage facility (TSF) of the Fazenda 
Brasileiro Mine has been the focus of a research project 
aimed at understanding the geomechanical behavior of tailings 
(Schnaid et al., 2020). The investigation involved field and 
laboratory testing, covering eleven investigation islands. 
Field tests included piezocone tests (CPTu and SCPTu), 
seismic dilatometer tests (SDMTs), and vane shear tests. The 
laboratory results revealed predominantly silty sand with low 
to nonplastic behavior, high specific gravity (Gs between 2.79 
and 3.30 g/cm3), an average solid content of ~30%, and a water 
content of approximately 35%. Triaxial tests under monotonic 
loading defined a critical state friction angle near 30°.

Standard CPTu tests (20 mm/s) and variable penetration 
rate tests have been used to assess drainage behavior 
(Schnaid  et  al., 2016; Dienstmann  et  al., 2017, 2018a, 
2025a). Variability analysis for this material was recently 
introduced by Dienstmann et al. (2025a, b). In this study, 
only standard-rate CPTu results are considered for inherent 
variability assessment. The analyzed database includes tests 
from multiple campaigns—PZC01–PZC08 (Bedin, 2010), 
I1K and I2K (Klahold, 2013), and I1S (Sosnoski, 2016). The 
vertical spatial variability is evaluated via the cone resistance 
(qc), sleeve friction (fs), pore pressure (u2), and derived 
resistance parameters. Two typical behaviors identified by 
Dienstmann et al. (2018a) (Figure 1) are used as a reference:

•	 Coarse material (PZC02, PZC03, PZC05), in the 
central area (elev. ~359 m), with high qc, low u2 and 
fs, and a shallow water table (~7 m);

•	 Fine material (e.g., PZC01, PZC04, PZC06–08, 
IK01–02, IS01), in peripheral zones (elev. 352–356 m), 
resulting in a lower qc, higher u2 and Bq, and greater fs.

These patterns reflect depositional processes, where 
coarser particles settle earlier during transport, whereas 
finer sediments accumulate further from the discharge point. 
Although such separation by the depositional process can 
be considered, the statistical analysis described in Section 3 
introduces a refined evaluation of the material’s behavior by 
segmenting portions of the same profile according to their 
response. This behavioral classification was also considered 
for the derivation of parameters such as the friction angle 
(ϕ′) and undrained shear strength (Su).

For friction angle determination, Kulhawy & Mayne 
(1990), Mayne & Campanella (2005), and the Norwegian 
University of Science and Technology (NTNU) method 
(Senneset et al., 1988; 1989) were considered, with Equation 5 
for clean sands and Equation 6 for mixed soil types. Equation 5 
was applied when the Bq values were less than 0.1, whereas 
Equation 6 was used for Bq values ranging from 0.1-1. The 
undrained shear strength (Su) was determined using Equation 7 
when the Bq values were greater than 0.4.

Table 1. TAM models.
TAM Autocorrelation function
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where: qt is the total tip resistance; σv0 and σ’v0 are the total 
and effective vertical stresses, respectively; and Nkt is a 
correction coefficient.

The undrained shear strength was determined from 
calibrations against vane tests in finer material yielding an 
Nkt factor of 12 (Klahold 2013, Dienstmann et al., 2018a). 
Figure 1 exemplifies the outcomes considering resistance 
parameters, undrained shear strength and friction angle. 
Furthermore, the figure presents a soil behavior type (SBT) 

classification index, according to Robertson & Wride (1998), 
which demonstrates the suitability of the Su calculations for 
regions 3 and 2, corresponding to clay and organic clays.

3.2 Method of analysis

3.2.1 Preliminary profile analysis

The preliminary analysis consisted of inspecting the 
set of soundings for each site to determine the data to be 
used in the study. Only CPTu tests performed at the standard 
penetration rate for each site were considered, with potential 
spike readings removed. In this step, derived parameters were 
also calculated, including Bq, Qt, the behavior classification 
index (IcRW) by Robertson & Wride (1998), and resistance 
parameters such as the friction angle (ϕ′) and undrained shear 
strength (Su), according Equations 5 to 7.

3.2.2 Profile segmentation and data organization

Following the preliminary analysis, each profile 
was divided along depth into subsegments (layers) on 
the basis of the IcRW index by Robertson & Wride (1998). 

Figure 1. Piezocone profile friction angle (ϕ) and undrained strength (Su) interpretation (Dienstmann et al., 2025b).
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The following classification was adopted: IcRW > 2.95 — 
materials with typically undrained behavior (fine materials, 
clays); IcRW < 2.6 — materials with drained behavior (coarse 
materials, sands); and 2.6 < IcRW < 2.95 — materials with 
intermediate behavior (silts). Although this classification 
separates silts, sands, and clays by behavior, a prior analysis 
revealed low adherence of silt data alone to probability 
density functions (PDFs). Therefore, the silt data were 
grouped together with the sandy material data for the 
statistical analyses.

The segmentation algorithm also accounted for the 
piezocone’s sensitivity to small soil lenses, which, in this 
case, were considered negligible. A minimum sensitivity of 
five (5) times the cone diameter was adopted, meaning that 
the smallest layer thickness considered in the analysis was 
equivalent to five times the cone diameter.

3.2.3 Trend definition and basic statistics calculation

Prior to statistical evaluation, the trends of the 
segmented profiles were examined, and residual values 
were computed. To account for this, a linear function (e.g., 
qc = az + b, where a and b are fitting parameters) was fitted 
to the CPTu data. Removing the trend component (az + b) 
from the original data yielded the residual values, forming 
a stationary random field with zero mean, as commonly 
assumed in random field theory for stationary processes 
(Fenton & Griffiths, 2008). Stationarity verification was 
performed through inspection of the residual fields, where 
stationary behavior is characterized by zero mean and 
normal distribution.

In the spatial variability step, the sample autocorrelation 
function was computed from the covariance function 
(Equations 2-4) and compared with the theoretical 
autocorrelation models (TAMs) in Table 1. Since TAMs are 
functions of the scale of fluctuation (SOF), this parameter 
was determined by minimizing the distance between the 
sample and theoretical autocorrelation curves. The final SOF 
was taken from the theoretical model, yielding the highest 
coefficient of determination (R2) compared with the sample 
autocorrelation function.

In addition to the stationarity evaluation, the mean (μ), 
standard deviation (σ), and coefficient of variation (COV) 
for each profile subsegment were determined. This step 
was termed local analysis. Subsequently properties were 
grouped by characteristic behavior (drained, undrained, and 
partially drained), and global parameters were computed. 
Histograms of grouped data (qc, fs, u2, and ϕ′ or Su) were 
generated and compared with theoretical probability density 
functions (PDFs).

The comparison also employed QQ plots, which were 
constructed by plotting theoretical quantiles against empirical 
quantiles, to evaluate the fit between the observed data and 
the theoretical distributions. A good match is indicated 
when the points align approximately along a straight line. 

The PDFs tested included normal, log-normal, exponential, 
gamma, and Weibull distributions, which are all widely used 
in geotechnical engineering.

4. Numerical application

4.1 General model definition

To analyze the effects of partial drainage in piezocone 
tests, Dienstmann  et  al. (2017) developed a conceptual 
model based on cavity expansion theory. The model 
consists of axisymmetric cylindrical cavity expansion with a 
discretized mesh defined by a “slice” of the porous medium, 
with appropriate mechanical boundary conditions: vertical 
movement restriction at the top and bottom, horizontal 
movement restriction on the right side, and imposed radial 
displacement (ξr) at the cavity wall, as detailed in Figure 2. 
The extension of the slice is set to 100R, which is sufficient 
to avoid boundary effects. The soil mass in the present 
study is modeled via a Cam Clay elastoplastic model (Clay 
Plasticity – Abaqus software) (Abaqus, 2025). Although the 
Cam Clay model may present limitations in representing 
the behavior of mine tailings, the assumption regarding 
variability can be extended to other constitutive models, such 
as Nor-Sand, without loss of generality. The focus here is to 
evaluate the impact of material variability on the response 
of an already validated model with extensive parametric 
analysis previously presented (see Dienstmann et al. (2018b) 
and Mafra & Dienstmann (2022).

The drainage response was evaluated through the 
distribution of radial stresses and the behavior at the cavity 
wall (r = R). Appropriate equations were applied to calculate 
qc (cone resistance) and u (generated pore pressure) from the 
radial stresses, which were then directly compared with field 
measurements. For a complete derivation of these equations, 
see Dienstmann et al. (2018b, 2025a).

4.2 Incorporation of the inherit variability

The incorporation of material variability was carried out 
through a set of Monte Carlo (MC) simulations. Initially, two 
analyses were performed to evaluate the variation in the friction 
parameter. In Analysis 1, the mean friction angle obtained 
for coarse-grained material behavior was considered, along 
with its standard deviation and the appropriate probability 
density function (PDF). In Analysis 2, the friction parameter 
obtained for fine-grained material behavior was considered 
variable, following the appropriate PDF for such material. 
Analyses 3 and 4 were subsequently incorporated. In these 
cases, the friction parameter was kept constant, and variations 
were applied to the compressibility index (λ). The standard 
deviations and PDFs used in Analyses 3 and 4 were directly 
related to the statistical variation associated with qc, given 
the potential direct relationship between these variables.

https://creativecommons.org/licenses/by/4.0/
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For each analysis, a collection of random values for the 
parameter of interest was generated. In total, 1,200 random 
values of M and λ were initially generated, and a boundary 
of two standard deviations was applied in each case. To 
capture drainage effects, five penetration rates were modeled 
for each parameter set, representing the data spectrum in 
the V × Q space.

Table 2 summarizes the adopted parameters, highlighting 
the randomization of the friction parameter and the 
compressibility index. The derived friction coefficient (M) 
was calculated according to Equation 8.

6sin / (3 sin )M φ φ= −  	 (8)

Figure 2. Finite element mesh detail (not to scale) (adapted from Dienstmann et al., 2017).

Table 2. Numerical parameters of the gold tailings.
Analysis 1 Analysis 2 Analysis 3 Analysis 4 Unit(coarse material) (fine material) (coarse material) (fine material)

pc0 100 100 100 100 kPa
p’0 50 50 50 50 kPa

umax,0 pc0 (1+M/3)/2 pc0 (1+M/3)/2 pc0 (1+M/3)/2 pc0 (1+M/3)/2 kPa
p0 p’0+umax,0 p’0+umax,0 p’0+umax,0 p’0+umax,0 kPa
v 0.00001; 0.001; 0.1; 10; 1000 0.00001; 0.001; 0.1; 10; 1000 0.00001; 0.001; 0.1; 10; 1000 0.00001; 0.001; 0.1; 10; 1000 mm/s
M variable (N*, mean 1.239, 

COV 0.171)
variable (N*, mean 0.997, 

COV 0.121)
1.239 0.997 -

κ 0.009 0.009 0.009 0.009 -
λ 0.045 0.045 variable (LN**, mean 0.045, 

COV 0.421)
variable (N*, mean 0.045, 

COV 0.944)
-

k 1.50E-07 1.50E-07 1.50E-07 1.50E-07 m/s
ν 0.3 0.3 0.3 0.3 -
e0 1.2 1.2 1.2 1.2 -
R 0.0178 0.0178 0.0178 0.0178 m
a0 25R 25R 25R 25R m

*N = normal; **LN = lognormal.

https://creativecommons.org/licenses/by/4.0/
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5. Results and interpretation

5.1 Variability analysis

5.1.1 Coarse material (sand and silty behavior)

The variability analysis for coarse material (sand 
and silty behavior) was conducted considering only profile 
segments where IcRW < 2.95. The profiles were subdivided 
into layers, trends were fitted for scale of fluctuation (SOF) 
estimation, and other derived parameters were calculated. 
Table 3 summarizes the results considering local (per profile 
segment) and global variability analysis.

According to the local analysis, the material exhibited 
high variability, with mean values of qc ranging from 245.32 
to 3861.24 kPa, fs from 2.02 to 202.57 kPa, and u2 from 7.22 
to 93.26 kPa. The coefficient of variation (COV) ranged from 
0.069 (6.9%) to 2.66 (266%), with u2 showing the highest 
variability. However, when the resistance parameters were 
considered, the maximum COV decreased to 0.22 (22%). 
Segmented profiles with thicknesses ranging from 0.18 m 
to 19.98 m were identified, resulting in SOF values between 
0.05 m and 5 m.

In the global analysis, a similar pattern was observed, 
with COV values ranging from 0.17 (17%) for the friction 
angle to 1.35 (135%) for the friction sleeve (fs). The global 
approach also enabled evaluation of the fit of the parameters 
to appropriate probability density functions (PDFs) (Table 3, 
Figures  3  and  4). The analysis, performed in RStudio 
(R Core Team, 2023), tested normal, lognormal, gamma, and 

weibull distributions, given their established application in 
geotechnical engineering. Several R packages were used, in 
this analysis including ggplot2 and fitdistrplus. The results 
indicated that the lognormal distribution provided the best 
fit for qc and fs, whereas the normal distribution was more 
suitable for u2 and ϕ.

Previous studies by Dienstmann  et  al. (2025a, b) 
characterized the variability of gold tailings using individual 
CPTu profiles to identify behavioral patterns, COV ranges, 
and recurring PDFs for qc, fs, and u2. They reported high 
variability, with COV values ranging from 0.18-5.27 
(18-527%), and difficulties in establishing the best-fit PDFs. 
The present study revealed a reduction in variability after 
proper profile treatment, confirming the effectiveness of 
this approach. In both the previous and current studies, the 
lognormal distribution was generally most suitable for qc 
and fs, whereas the normal distribution better represented u2. 
Grouping data by characteristic behavior also improved the 
accuracy of distribution fitting.

5.1.2 Fine material (clay behavior)

The variability analysis for fine-grained material 
behavior (clay behavior) was conducted considering 
the results in the profile where IcRW >2.95. Overall, the 
evaluated parameters exhibited COVs ranging from 0.10 
(10%) to 0.88 (88%), which, although high, suggest 
lower variability for the finer-grained tailings than for the 
coarser-grained material. In terms of spatial variation, the 
assessed fine-behavior layers ranged in thickness from 
0.24 to 1.70 m, resulting in SOF values between 0.01 
and 1.35 m (Table 4).

Table 3. Local and global variability – coarse material.

Data μ σ COV Layer Lenght (m) SOF (m) PDF
local global local global local global

qc (kPa) 245.32 - 3861.24 2546.62 64.62 - 2374.03 2405.14 0.07 - 1.21 0.944 0.18 - 19.98 0.06 - 1.29 LN
fs (kPa) 2.02 - 202.57 25.22 0.68 - 21.20 34.04 0.13 - 0.88 1.350 0.18 - 19.98 0.09 - 0.77 LN
u2 (kPa) (-)7.22 - 93.26 68.85 1.70 - 102.90 82.21 (-)3.66 - 2.66 1.194 0.18 - 19.98 0.07 - 5.00 N

ϕ (°) 27.32 - 38.09 30.90 0.47 - 6.76 5.20 0.01 - 0.22 0.168 0.18 - 19.98 0.05 - 3.57 N
N = normal; LN = lognormal.

Table 4. Local and global variability analysis – fine material.

Data μ σ COV Layer Lenght (m) SOF (m) PDF
local global local global local global

qc (kPa) 22.30 - 354.22 251.36 10.03 - 69.97 105.7 0.11 - 0.45 0.421 0.24 - 1.70 0.05 - 0.39 N
fs (kPa) 1.10 - 5.40 3.60 0.15 - 4.46 3.1 0.12 - 0.70 0.844 0.24 - 1.70 0.01 - 0.66 LN
u2 (kPa) 8.12 - 241.02 134.50 6.75 - 29.96 69.3 0.10 - 0.88 0.515 0.24 - 1.70 0.07 - 1.35 N
Su (kPa) 3.76 - 21.69 15.06 0.77 - 5.53 7.1 0.16 - 0.63 0.471 0.24 - 1.70 0.05 - 0.90 N
Su/σ’v0 0.13 - 0.35 0.27 0.04 - 0.14 0.1 0.16 - 0.64 0.385 0.24 - 1.70 0.06 - 0.57 LN
ϕ (°) - 25.31 - 3.1 - 0.121 - - W/N

N = normal; LN = lognormal; W = weibull.
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Figure 3. Variability analysis – coarse material: (a) qc histogram; (b) qc Q-Q plots; (c) fs histogram; (d) fs Q-Q plots; (e) u2 histogram; 
and (f) u2 Q-Q plots.

The global analysis allowed the evaluation of the 
probability density functions (PDFs) that best fit the measured 
qc​, fs​, and u2​ values, as well as the derived parameters 
(see Table  4 and Figures  5  and  6). The parameters qc​, 

u2​, Su​, and friction angle were found to follow a normal 
distribution, whereas fs​ and the normalized undrained shear 
strength (Su/σv′0) were better represented by a lognormal 
distribution.
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More specifically, when the undrained shear strength 
was analyzed, a detailed separation of the profile allowed 
the normal distribution to be identified as suitable for 
representing the parameter Su, with a mean value of 15.06 kPa 
and a standard deviation of 7.09 kPa (COV = 47.08%). 
In the approach presented by Dienstmann et  al. (2025b), 
the lognormal distribution was proven more appropriate, 
with a mean value of 12.94 kPa and a standard deviation of 
9.74 kPa (COV = 71.9%).

For modeling the normalized undrained strength, lognormal 
distributions showed good adherence, with a mean value of 
0.27 and a COV of 38.52%, values close to those characterized 
by Dienstmann et al. (2025b). Recently, Becker et al. (2024) 
presented statistical data regarding the characterization of the 
variability in the undrained shear strength of iron tailings from 
the Germano site (Mariana, Minas Gerais state, Brazil). The 
authors performed a careful analysis to separate the data from 
several profiles and analyzed the distribution of the normalized 

undrained shear strengths. Only the layers considered to 
exhibit plastic behavior were analyzed, and the influence of 
layer thickness was also examined.

The results revealed that the distribution of the Su/σ′v0 
ratio of the plastic tailings from the Germano dam is lognormal 
and that the thicker a layer of plastic tailings is, the lower its 
normalized resistance Su/σ′v0 and its variability. The variation 
range of the Su/σ′v0 ratio obtained by the authors was 0.11-0.24, 
with COVs ranging from 29-47%, values generally consistent 
with those obtained in the present study, which revealed a 
mean Su/σ′v0 ratio of 0.27 and a COV of 36.8% (Figure 7).

5.2 Numerical application

Figures 8 and 9 provide both 3D and 2D visualizations 
of the Monte Carlo (MC) analyses, illustrating the variation 
in ​ qc/qcUD for the five evaluated penetration rates, considering 
Analyses 1 to 4 (Table 2). The results show an increase in 

Figure 4. Variability analysis – coarse material – friction angle: (a) histogram and theoretical PDFs; (b) Q–Q plot.
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Figure 5. Variability analysis – fine material: (a) qc histogram; (b) qc Q-Q plots; (c) fs histogram; (d) fs Q-Q plots; (e) u2 histogram; and 
(f) u2 Q-Q plots.

dispersion as the normalized velocity decreases (indicating 
greater drainage), with maximum amplitudes of qc/qcUD ​ ranging 
from approximately 1.5 to 4 for normalized velocities of 

V=0.00001. The largest variation was observed in Analysis 3, 
which considered variability in the compressibility index (λ) 
modeled with a lognormal distribution and a COV of 42%. 
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Nevertheless, the general distribution patterns remained similar 
among all analyses. In this context, Figure 9 was produced by 
combining the data from all four analyses, capturing the high 
variability of the site and providing a robust representation 
of the potential spectrum of ​qc/qcUD values for the material.

The numerical analysis results were subsequently 
used to create a direct comparison with the range of field 
values, as shown in Figure 10. The normalization adopted 
in Figure  10 was (qc-qcmin)/(qcmax-qcmin), where qcmin=qcUD 
(undrained) and qcmax=qcD (drained). This normalization 
was effective in emphasizing the transitional shape of 
the drainage curves (Mafra & Dienstmann, 2022). Only 
the maximum and minimum curves from each numerical 
analysis were plotted.

Importantly, some assumptions were made when 
selecting the input parameters for the numerical models, 
including the following:

•	 adoption of Equations 5 and 6 to derive the frictional 
parameter;

•	 adoption of the characterized COV and distribution 
of qc​ for modeling the variability of λ;

•	 use of the Cam‒Clay constitutive model;
•	 selection of a single domain range of R (a0=25R) in 

the numerical model.
Despite these considerations, good agreement was 

observed between the theoretical limits and the field data 
ranges, indicating that the variability characterization approach 
is a robust tool for representing behavioral limits. 

Figure 6. Variability analysis – fine material – friction angle: (a) histogram and theoretical PDFs; (b) Q–Q plot.
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6. Discussion and concluding remarks

This study details the characterization of the inherent 
variability of a silty deposit (gold tailings) through the 
analysis of piezocone tests. The data considered are part 
of a comprehensive campaign aimed at characterizing the 
geomechanical behavior of the deposit and were processed 
and analyzed via a layer separation algorithm and calculation 
of relevant statistical parameters.

Classification of profiles into drained, partially 
drained, and undrained behaviors proved essential for 
accurately characterizing the spatial variability in the strength 
parameters of the tailings studied. This approach enhances 
the understanding of the probability distributions governing 
CPTu data—as cone resistance (qc), sleeve friction (fs), and 
pore pressure (u2). The results indicated that the variability 
associated with the qc, fs and u2 measurements is greater for 
coarse granular materials than for finer-grained materials. 
However, when the strength parameters were evaluated, 

the fine-grained materials presented greater variability, with 
the highest coefficient of variation (COV) observed for the 
undrained shear strength (Su) compared with the friction angle 
(ϕ).The material behavior classification was also critical for 
the rigorous determination of the scale of fluctuation, which, 
although not applied in the numerical modeling presented 
herein, remains an important part of the spatial variability 
characterization.

The numerical application illustrates the influence of 
inherent variability on the expected range of normalized cone 
resistance (qc/qcUD) under different drainage conditions. The 
analyses revealed that greater dispersion occurred at lower 
normalized velocities (indicating increased drainage), with 
amplitudes reaching up to four times qc/qcUD in specific 
scenarios. Among the simulations, the most pronounced 
variability was observed when the compressibility index 
(λ) was modeled with a lognormal distribution and a COV 
of 42%. Despite the simplifying assumptions adopted for 
the input parameters and numerical domain, the theoretical 

Figure 7. Variability analysis – fine material – undrained shear strength: (a) Su histogram and theoretical PDFs; (b) Su Q–Q plot; (c) 
Su/σ’v0 histogram and theoretical PDFs; and (d) Su/σ’v0 Q–Q plot.
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Figure 8. Numerical results histograms 3D (Vh versus qc/qcUD and density) and 2D visualization (qc/qcUD and density): (a) analysis 1 – 3D; 
(b) analysis 3 – 2D; (c) analysis 4 – 3D; (d) analysis 4 – 2D.

Figure 9. (a) Histograms 3D (Vh versus qc/qcUD and density); (b) 2D visualization of qc/qcUD and density – coarse and fine material.
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boundaries established through the variability characterization 
aligned well with the field data ranges. This agreement 
highlights the robustness of the proposed methodology 
in defining realistic behavioral limits, which can support 
practical applications such as correcting sounding profiles 
or incorporating variability bounds into reliability-based 
geotechnical analyses.
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List of symbols and abbreviations

a	 Radius of influence for the cavity expansion solution
a0	 Radius of the initial pore pressure zone of influence
ch	 Horizontal coefficient of consolidation
d	 Probe diameter size
fs	 Friction Sleeve
j	 Index for lag steps
k	 Permeability
lr	 Element length
lz	 Element height
n	 Number of available measurements
p0	 Total initial mean stress
p’0	 Effective initial mean stress
p’	 Effective mean stress

Figure 10. Characteristic drainage curves considering soil variability.
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pc0	 Reference initial consolidation pressure
qc	 Cone tip resistance
qcmin	 Minimum Cone tip resistance
qcmax	 Maximum Cone tip resistance
qcD	 Drained Cone tip resistance
qcUD	 Undrained Cone tip resistance
qt	 Total Cone tip resistance
r	 Radial distance
t(x)	 Deterministic trend
u	 Excess pore pressure
u0	 Hydrostatic pore pressure
u0,max	 Maximum initial excess pore pressure
u2	 Penetration pore pressure (position 2)
w	 Water content
w(x)	 Fluctuation or residual component.
v	 Loading rate
Bq	 Pore pressure ratio
CNPq	 National Council for Scientific and Technological  
	 Development
CPT	 Cone test
CPTu	 Piezocone test
COV	 Coefficient of variation
C(τj)	 Covariance at lag distance
C(τ1)	 Covariance at zero lag distance
FAPESC	Santa Catarina Research Foundation
Gs	 Specific gravity
Ic	 Soil Behavior Index
IcRW	 Soil Behavior Index (Robertson & Wride, 1998)
I1K	 Piezocone test designation (Klahold, 2013)
I1S	 Piezocone test designation (Sosnoski, 2016)
L	 Cone tip length
LN	 Lognormal distribution
M	 Friction coefficient
MC	 Monte Carlo
N	 Normal distribution
Nkt	 Capacity factor
NTNU	 Norwegian University of Science and Technology
PPGEC	 PostGraduate Program in Civil Engineering
PDF	 Probability density function
PZC	 Piezocone test designation
Q	 Normalized resistance
Q-Q	 plot Quantiles plot: Theoretical and Data Quantiles
R	 Radius
R2	 Coefficient of determination
SBP	 Soil behavior type
SCL	 Spatial correlation length
SCPTu	 Seismic piezocone test
SDMT	 Seismic dilatometer test
SOF	 Scale of fluctuation
Su	 Undrained shear strength
TAM	 Theoretical autocorrelation model adjustment
TSF	 Tailings storage facility
UFSC	 Federal University of Santa Catarina
Vh	 Normalized horizontal velocity
W	 Weibull distribution

X	 Considered variable
Xi	 Value of parameter X as depth zi
δ	 Spatial correlation length/scale of fluctuation
δv	 Vertical spatial correlation length/vertical scale of 
	 fluctuation
Δz	 Minimum spacing between measurements
κ	 Slope of the Recompression Line (RL)
λ	 Slope of the Normal Consolidation Line (NCL)
μ	 Mean
μX	 Mean of parameter X
ν	 Poisson coefficient
ξ(x)	 Geotechnical parameter
ξr	 Radial displacement
ϕ′	 Friction angle
ρ(τj​)	 Sample autocorrelation
σ	 Standard deviation
σv0	 Total vertical stress at rest
σ′v0	 Vertical effective stress at rest
σ′vt	 Vertical effective stress
τj	 Separated lag distance between points Xi and Xi+j
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