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Abstract

Slope stability calculations are frequently performed based only on deterministic methods,
resulting in a value of Factor of Safety (FS). Deterministic procedures disregard the inherent
variability of soil and rock properties. The probabilistic approach treats FS as a function of
these properties and considers the impact of variability on the safety of geotechnical projects
by estimating the values of the Reliability Index () and the Probability of Failure (PF).
Deterministic and probabilistic analyses were carried out on two important geotechnical
case studies: first, the main slope of Caué open-pit mine, based on two probabilistic methods
(FOSM - First Order Second Moment and MCS - Monte Carlo Simulation) applied with
two classic Limit Equilibrium procedures (Simplified Bishop and Morgenstern-Price);
the second case study is Santa Branca Dam, and was also based on the FOSM and MCS
probabilistic methods, with the Simplified Bishop Limit Equilibrium method. The results
from both safety analyses suggest that the FOSM method is simpler and more practical than
the MCS, while provided lower PF values with more conservative § then the MCS method.
The analyses also indicated that the FOSM technique should be applied associated with
the Morgenstern-Price method, since this also provided a more conservative result for the
Caué Mine slope. The Santa Branca Dam was only analyzed with the Simplified Bishop
method. In conclusion, it is recommended that probabilistic and deterministic analyses
be carried out together to provide a relevant decision-making tool for geotechnical safety

assessment by associating FOSM and Morgenstern-Price methods.

1. Introduction

In Geotechnical Engineering, slope stability analyses
have been usually performed with basis on deterministic
methods, by calculating the Factor of Safety (£S) considering
the average values of geotechnical properties from a limited
number of laboratory and field tests. Deterministic analyses
can be oversimplified since F'S values do not account for the
inherent variability of geotechnical materials and can lead to
unreliable FS results. Variability is an intrinsic property of
natural materials, such as soils and rocks, and usually occurs
as a result of various processes of formation and alteration of
rocks, including diagenesis, fractional crystallization, changes
by fluid circulation, and metamorphism (Sdvyzhkova et al.,
2022). Probabilistic methods, based on statistical concepts, are
gradually becoming popular in geotechnical practice as they
incorporate the inherent uncertainties of natural materials.

The Factor of Safety can be defined as the ratio of resistance
(R) overload or stress (S). Deterministic procedures use the
mean values of the geotechnical variable properties when
computing FS. These properties are frequently defined from a
limited number of soils and/or rock samples. Average values
of the geotechnical properties may, therefore, not represent

the actual behavior of the field properties when the material
has a strong spatial variability. Hence, deterministic analyses
may result in unreliable FS values. Probabilistic analyses
play a key role in reducing the need for human judgment to
minimize the risk of geotechnical accidents. Assis (2020)
emphasizes the non-existence of a PF-FS correlation when
comparing 57 engineering structures (Figure 1), inducing
further research on probabilistic analyses methods.

During the 1980s, the development of probabilistic
concepts helped geotechnical engineers make safety
decisions without relying exclusively on their empirical past
experience. From a probabilistic perspective, the properties
of natural materials can be considered as random variables
(Sayao et al., 2012). Probabilistic studies on geotechnical
safety have also been reported by Coclho (2023), Vecci
(2023) and D’Hyppolito et al. (2024).

There are several probabilistic methods currently used to
assess the stability of geotechnical projects, the most popular
being known as FOSM (First Order Second Moment), Point
Estimation, and MCS (Monte Carlo Simulation). In geotechnical
practice, probabilistic and deterministic methods shall be
understood as complementary procedures, for providing
the design engineer with a clear idea of how reliable the
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Figure 1. Non-existent PF-F'S correlation as shown by Assis (2020) for various engineering structures.

deterministic £S may be. This paper presents results of the
FOSM and MCS procedures, in association with the well-
known deterministic limit equilibrium methods of Simplified
Bishop (1955) and Morgenstern and Price (1965), applied
to two important geotechnical cases in SE Brazil: the Caué
open-pit mine slope and the downstream slope of the Santa
Branca embankment dam. The main objective of this paper
is to evaluate which probabilistic and Limit Equilibrium
methods could be best recommended to assess the slope
stability. The acceptable PF value for each slope depends
on the consequences of an eventual failure.

In operating open-pit mines, slopes are usually
excavated to the steepest possible angle for economic reasons
(Naghadehi et al., 2013), meaning production optimization.
Therefore, a high probability of failure (PF) may be accepted
in some open-pit facilities, whereas the same PF value might
not be acceptable for a tailings dam, where there might be
significantly higher PAR (population at risk) and debris
would flow downstream of the facility. Well monitored
slope stability (24/7) systems also allow for early warning,
thus significantly reducing the consequences of failures
(loss of life, equipment, production interruption, etc.) and
opening room for higher acceptable PF but not increasing
risk (risk = PF x Consequences)

1.1 Reliability index ()

Probabilistic analyses of a given geotechnical
problem aim to estimate the value of Probability of Failure
(PF), defined as the probability of F'S being below 1.0, or
P(FS<1). PF is an indirect result, attained after calculating
the Reliability Index (f) of Equation 1 (Christian et al.,
1992). In practice, the properties of natural materials may
be considered as inherently variables, exhibiting a Normal
(Gaussian) distribution (Sayao et al., 2012). As reported by
Christian et al. (1992), the value of # expresses the number

of standard deviations that separates the mean value of FS
from the failure value (FS = 1.0).

E[FS]-1
=—t ey
o[FS]
where:

E[FS]: mean value of FS.
o[FS]: standard deviation of FS.

1.2 Probability of failure (PF)

Once £ has been computed as described on Section 1.1,
the Probability of Failure (PF) may be estimated directly from
the graphical correlation shown in Figure 2. When presenting
this correlation, Christian et al. (1992) acknowledged that
the chosen limit state function (g) affects the calculated
reliability index and defined the limit state function to be
g=R/S—1. Christian et al. (1992) and Sayao et al. (2012)
show that the relationship between f and PF depends on
the distribution function of FS only when > 0.8. Figure 2
shows that the Normal distribution provides the highest PF
values for any given f, so it can be considered the most
practical and conservative assumption among the several
possible distributions.

2. Methodology

2.1 First order second moment — FOSM

FOSM is a probabilistic method that provides good
quality Reliability Index (f) results. It is also the simplest
among the usual probabilistic methods applied in current
geotechnical practice. FOSM can be considered an indirect
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Figure 2. Probability of Failure x Reliability Index for various probabilistic distributions (adapted from Baecher & Christian, 2003).

probabilistic method, since there is no need to describe the
probabilistic distribution curve of properties identified as
random variables in a geotechnical problem. The mean and
variance (V) of the dependent variable FS are calculated by
applying the Taylor series around the mean values of the
independent variables (Christian et al., 1992).

Harr (1987) suggested a simplification of the Taylor series
as a function of random variables that are not intrinsically
correlated, leading to Equation 2, which provides V[FS]:

oFS

2
s @

V[FS]= z( Jz. V[x]

i=1

where:
OFS / 6x; = partial derivative of F'S with respect to x;.
Equation 2 represents the variance of FSas V' [F S ] ,and
the variance of the independent random variable as V' [x,- ],
where the random variable is x;. By definition, the Variance
of x; is the square of its standard deviation, (0' [x[ ])2
Christian et al. (1992) suggested the solution of
approximating the partial derivative factor of Equation 2 by
the method of divided differences (Equation 3) to solve the
partial derivative components of this equation, without the
need to make assumptions about the functions x;.

s5Fs  FS(x+6%)-FS(x)
5x; ox;

1 1

3)

where:
x;: mean value of variable x;.
Ox;: small variation of x;.
FS(x; + 6x; ): Factor of Safety when x; is varied one by one
FS(x;): Mean FS.

Dell’Avanzi & Sayao (1998) reported that, when
using the FOSM method, a 10% variation for each variable
(positive or negative) is satisfactory, in practical terms.

2.2 Monte Carlo simulation

Monte Carlo is a stochastic simulation procedure
that generates datasets from a series of values that have as
reference the statistical mean and deviation of geotechnical
variables. From the random creation of thousands of these
sets, the computer is able to trace and assign distribution
curves to those variables, by simulating their possible
probabilistic behaviors. The method is comprehensive
and may be applied to various problems, when aiming to
study uncertainties of a system. The nature of the method
requires a high computational effort to obtain a proper
probability distribution curve. The required number of
simulations (N) depends on the number of independent
random variables (n) considered in the problem, the
accuracy (¢) and the desired confidence level (1-a) being
expressed by Equation 4:

(ha/2 )2

N
45*

“
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where:
h,,»: confidence index, function of the confidence level (1- «).

Harr (1987) presented the values of the functions #,,,
associated to the values of confidence levels (1-a), as shown
in Table 1.

Distinct from the FOSM method, Monte Carlo Simulation
requires the knowledge of the probability density functions of
the independent random variables involved in the problem,
requiring the aid of a software to perform thousands of
analyses, in which the independent soil variables are randomly
varied within the possible range of values delimited by their
characteristic probability density functions.

After a large number of simulations, the computer
produces a histogram of all data producing a representative
probability distribution curve of the dependent variable (FS).
The area under this curve corresponding to the region with
FS <1 expresses the Probability of Failure (£S).

In general, the Probability of Failure computed by
the Monte Carlo Simulation is obtained by the following
Equation 5:

1
PF =

chv
D CIES (X)) <1 (5)

mcs

where:
N,,es: number of random generated samples.
X;: vector i of random generated variables.

Table 1. Confidence index for normal distribution (adapted from

Harr, 1987).
Confidence level (%) Confidence index

(1-a) ()

85 1.44

90 1.64

95 1.96

95.45 2.00

98 2.33

99 2.58

99.5 2.81

99.73 3.00

99.9 3.29

99.99 3.89

99.994 4.00

FS; : i-th Factor of Safety (FS) given X;
I [ ]: Indicative function which is equals to a unit when FS;
(X;) <1 and zero otherwise.

3. Probabilistic analyses of the Caué mine slope

3.1 Description

This paper presents deterministic and probabilistic
studies of a 200m high slope in the Caué Mine, located in
Itabira, in the Iron Quadrangle of Minas Gerais, Brazil, based
on two standard deterministic methods (Simplified Bishop
and Morgenstern-Price) associated with two probabilistic
procedures, known as FOSM - First Order Second Moment
and MCS - Monte Carlo Simulation.

The Caué Mine is an inactive iron ore open pit mine
that was once the main active iron ore mine in Southeast
Brazil. It is part of the Itabira Complex, located in the NE
region of the Iron Quadrangle, in Minas Gerais state. The
Caué Mine (Figure 3) was one of the largest iron ore mines
in the world during the 1970s (Vecci & Sayao, 2019).

Figure 4 shows a typical cross-section of the 200 m high
slope of the Caué Mine, which is studied in this paper. It had
an overall inclination of 34° and was composed of weathered
iron quartzite (saprolite). The phreatic surface is denoted by an
inclined line that runs from the slope base to a point about 80m
below its crest. This piezometric condition was inferred from
more than 60 piezometers and water level indicators around
the mine pit. The same slope was reported by Sayao et al.
(2012), and its geotechnical and statistical characteristics
were obtained from a comprehensive investigation including
about 50 direct shear tests on undisturbed specimens prepared
from block samples. Table 2 presents the soil properties and
statistical parameters are used in these stability analyses.

Considering the geotechnical random variables of
the Caué Mine slope and calculating their mean, standard
deviation, and variance (Table 2), the safety of the slope was
investigated by applying the probabilistic methods FOSM
and Monte Carlo Simulation, with the deterministic methods
Morgenstern-Price and Simplified Bishop.

The FOSM method was applied based on the guidelines
summarized by Vecci (2023).

The Monte Carlo Simulation was performed using
RocScience Slide 6.0 software (RocScience, 2010).

Table 2. Caué¢ Mine slope. Geotechnical and statistical properties (Sayao et al., 2012).

Variable Mean (X)) Standard Deviation (o [X;]) Variance (V' [x;])
Unit weight (above WL) 7,4 (kN/m3) 28.3 1.4 1.96
Unit weight (below WL) 74 (kN/m*) 29.0 1.4 1.96
Cohesion, ¢’ (kPa) 25.0 243 590.0
Tangent of friction angle, tan(® ") 0.781 0.085 0.007
Pore pressure (u) 120.0 20.0 400.0
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Figure 3. Caué Mine slope. 200 m high open-pit.

Figure 4. Caué Mine slope. Typical cross-section.

3.2 Results

Deterministic analyses carried out with well-known limit
equilibrium methods (Simplified Bishop and Morgenstern-
Price) resulted in F'S=1.264 and F'S=1.259 for the methods
respectively, and may be used in the deterministic analyses
stage of this probabilistic assessment as the E[FS] factor.

When the Simplified Bishop and Morgenstern-Price
methods were associated to the FOSM procedure, maintaining
fixed the critical failure surface from the initial deterministic
analyses, the given results were = 1.62 (Simplified Bishop),
and = 1.54 (Morgenstern-Price). These results show that, for
equivalent F'S, the resulting # (and PF), might vary slightly
with the limit equilibrium method. These results highlight
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the importance of carrying out probabilistic analyses to help
understand the meaning of conventional deterministic results.

The Monte Carlo Simulation gave identical results for
both Simplified Bishop and Morgenstern-Price methods,
with = 1.87, showing less conservative PF results for the
same case study, when compared to FOSM, where = 1.62
(Simplified Bishop), and S = 1.54 (Morgenstern-Price). In
this case study, Morgenstern-Price, when associated with
FOSM, resulted in the most conservative f (or highest PF),
when compared to MCS.

The results are shown in Table 3.

As usual, the random variables in Table 2 were
assumed to have normal distribution functions and to be
independent of each other (Saydo et al., 2012). By applying
FOSM method, the f values were computed, and PF were
respectively estimated from Equation 1 and the graphical
correlation presented in Figure 2.

With the overall £S variance and all individual variable
variances (shown in Table 4 and Table 5), the FOSM method
offers the relative significance of each random variable in
the overall stability. Figure 5 shows that, for the Caué Mine
slope, the FOSM method, with both Simplified Bishop and
Morgenstern-Price indicates that natural and saturated unit
weights (7,4, and ¥,,) were not relevant to the stability analyses,
with a very low significance on the FS result. This indicates
that both parameters could be considered as non-variables in
this case. The variance results also show that @’ is the most
significant parameter for the Caué Mine slope, followed by ¢’

These properties’ significance provided by the FOSM
method is a positive benefit for the geotechnical engineer when
deciding on what actions should be taken, when F:S needs to
be increased. For example, the pore pressure accounts for
only about 27% of the overall stability, and thus, in this case,
further drainage would not be highly effective in increasing F'S.

Table 3. Caué Mine slope. Deterministic and Probabilistic analyses results.

Limit Equilibrium method E[FS] FOSM Monte Carlo simulation
B PF B PF

Bishop 1.264 1.62 1:20 1.87 1:43
Morgenstern-Price 1.259 1.54 1:16 1.87 1:44

Table 4. Caué Mine slope. f, PF and F'S variance in FOSM calculations carried out with Simplified Bishop.

x; E[x,] Sx, FS (X+6x,) SFS SFS/Sx, Vix] (ox)V[x] VIFSI%

c’ 25.0 2.50 1.269 0.005 0.0020 590 0.00236 8.89

tan®’ 0.781 0.113 1.437 0.173 1.5334 0.007 0.01693 63.79

Y nat 28.3 -2.83 1.269 0.005 -0.0018 1.96 0.00001 0.02

Vsat 29.0 2.90 1.274 0.010 0.0034 1.96 0.00002 0.09

u 120.0 12.00 1.213 -0.051 -0.0042 400 0.00722 27.22

VIFST* 0.0265
o[ FST** 0.1629
B 1.62
PF 1:20
*VFS] =Y V[x, . ** o[FS] =V [FS].
Table 5. Caué Mine slope. f, PF and F'S variance in FOSM calculations, carried out with Morgenstern-Price.

X Eg[x]  6x FS(x+dx)  SFS SFS/Sx,  V[x,]  (SFS/6x)’V[x]  VIFS|%

c’ 25.0 2.50 1.265 0.006 0.0024 590 0.00340 12.08

tan®’ 0.781 0.113 1.440 0.181 1.6044 0.007 0.01850 65.88

Y nat 28.3 -2.83 1.264 0.005 -0.0018 1.96 0.00001 0.02

Y sat 29.0 2.90 1.275 0.016 0.0055 1.96 0.00010 0.21
u 120.0 12.00 1.212 -0.047 -0.0039 400 0.00610 21.81
VIFST* 0.0281
o[ FST** 0.1677
B 1.54
PF 1:17

*VIFS|=Y V[x;]. ** o[FS] = \/V [FS].
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Figure 5. Caué Mine Slope. Relative significance of each variable in the 200m slope safety, given by the FOSM method.

In slopes with lower height, where the pore pressure may
be seen to be the most significant variable affecting safety,
additional drainage would be expected to be the correct
action to rapidly obtain a significant increase in FS.

On occasions where the Geotechnical Engineer will
still apply the Monte Carlo Simulation procedure, applying
FOSM before MCS is useful to narrow down the number
of significant variables associated with the probabilistic
analysis to substantially lower the required computational
effort required for applying MCS.

On the other hand, as the Monte Carlo Simulation
is an automated method, and provides PF results
straight from the Slide software, it does not indicate the
relative significance of each variable in the overall FS
performance.

4. Probabilistic analyses of the Santa Branca
earth dam

4.1 Description

The Santa Branca Dam has been built to provide a
water reservoir for a hydroelectric power plant, located on
the Paraiba do Sul River, in the eastern region of Sdo Paulo
State. The dam is composed of homogeneous soil embankment
(Figure 6). Its downstream slope is protected by grass, and

the upstream slope is covered by riprap (rockfill). Figure 7
shows the original typical cross-section of the dam.

The homogeneous embankment dam has a drainage
mat and a vertical drain, the dam is 55m high and 320 m
long. A reinforcement layer was added to its downstream
slope as a technique used to solve the dam’s internal
drainage issues. Figure 7 shows the typical cross-section
of the reinforced dam.

The average parameters of the materials that compose
the Santa Branca Dam are presented in Table 6.

Reporting on Santa Branca Dam for distinct purposes,
Pacheco (1990) explained how to obtain the mean and
standard deviation of strength parameters from drained
triaxial tests on undisturbed specimens from two other dams
(Paraitinga and Paraibuna) with similar soil properties, also
in Sao Paulo (Table 7).

FOSM analyses of previous studies indicated that,
in this case, the specific weight and pore pressure showed
insignificant variability in comparison to cohesion and friction
angle (Aratijo & Sayao, 2018). Therefore, only the two last
parameters were treated as random variables in the present
study of the Santa Branca Dam.

Considering the geotechnical random variables of the
downstream slope of Santa Branca Dam and their mean,
standard deviation, and variance (Table 7), the safety of the
dam slope was studied by applying the two probabilistic
methods (FOSM and MCS), associated with the deterministic
Simplified Bishop method.
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Figure 7. Santa Branca Dam. Typical cross-section (Araujo & Sayao, 2018).

The FOSM method was applied based on the guidelines
proposed by Vecci (2023). The Monte Carlo Simulation was
performed using RocScience Slide 6.0 software (RocScience, 2010).

4.2 Results

The deterministic analysis performed with the Simplified
Bishop method resulted in FS =2.2.

When the Simplified Bishop method was associated
with the probabilistic method with a fixed critical failure
surface, the FOSM method presented § = 6.25, while the
Monte Carlo Simulation presented f = 6.29. As F'S was high
for this case, PF did not show a significant difference for
the two distinct probabilistic methods (FOSM and MCS),

Table 6. Santa Branca dam. Mean values of soil properties.

Property Mean (X;)

Compacted soil embankment
Unit weight above water level - 7,,,; (KN/m?) 18.0
Unit weight below water level - 7, (KN/m?) 20.0

Filter
Unit weight  (kN/m?) 18.0
Friction angle, @’ 35°
Rockfill

Unit weight  (kN/m?) 20.0
Friction angle, @’ 45°

Soil. Rocks, Sao Paulo, 2026 49(1):¢2026003625
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Table 7. Santa Branca Dam. Statistical properties of the variables considered in the safety analysis.

Property Mean (X;) Standard Deviation (a{x;]) Variance (V[X;])
Cohesion, ¢’ (kPa) 83.61 17.05 290.70
Friction Angle, @’ 24.43° 1.11° 1.23

Table 8. Santa Branca Dam. Deterministic and Probabilistic analyses results.
FOSM Monte Carlo Simulation
Limit Equilibrium method E[FS]
B PF B PF
Simplified Bishop 2.2 6.25 1:4.9x10° 6.29 1:6.5x10°
100
90 4 89.2
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Figure 8. Santa Branca Dam - Relative significance of each variable in the dam’s safety, as indicated by the FOSM method.

but FOSM presented a slightly more conservative value
for PF. This case study also confirms the FOSM method to
provide more conservative results than MCS, reinforcing the
conclusion for the Caué open-pit slope case study.

The results are summarized in Table 8.

The random variables in Table 7 were assumed to
have Normal distribution functions and to be independent
amongst each other, therefore, by FOSM, f was calculated
from Equation 1, and PF was estimated from the correlation
presented in Figure 2.

Since the implementation of FOSM associated with
Simplified Bishop presented Probability of Failure tending
towards zero, other methods of Limit Equilibrium were not
considered for the Santa Branca Dam for, when PF approaches
zero, there is little influence of the Limit Equilibrium method
on the results of the low significant decimals of PF. The

comparison of this study with other previous research’s
results, such as Aratjo (2018) and Pacheco (1990), confirms
this perception.

The FOSM method provided the relative significance
of ¢’ and @’ in the PF result indicated by each variable
property calculated variance (Table 9). Figure 8 shows that,
for this case study, effective cohesion is the most significant
parameter, with about 89% influence on the PF value, while
the effective friction angle had the remaining significance,
approximately 11%, as illustrated in Figure 8.

The Monte Carlo method is automated and provided
PF results straight from the Slide software, which did not
provide relative significance of each variable in the overall
F'S performance.
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Table 9. Santa Branca Dam. B, PF and FS variance in FOSM calculations carried out with Simplified Bishop.

X; Elx;] Sx,  FS(x+8x)  OFs  SFSIx, Vix]  (6FSI6x)V[x]  VIFS|%
® 2443 2.44 2.34 0.14 0.055 1.23 0.004 10.80
¢ 83.61 8.36 2.29 0.09 0.010 290.70 0.033 89.20

VIFST* 0.037

o[ FS]** 0.193

p 4.150

PF 1:4.9x10°

*V[FS] =Y V[x; ). ** o[FS] =V [ FS].

5. Conclusions

Defining the degree of reliability of FS is essential for
ensuring the safety of geotechnical projects and providing
the geotechnical engineer with the chance to make better
decisions on minimizing the chance of disasters, such as
the recent ones with the Brazilian tailings dams Funddo
(in Mariana) and B1 (in Brumadinho).

Analyzing the results of the two probabilistic studies
reported herein, it is possible to conclude that the FOSM
method is recommended over the Monte Carlo Simulation
method, for being simpler, more practical, and more
conservative for both Caué Mine and Santa Branca Dam
cases (Table 3 and Table 8).

Since FOSM provides the individual variances
of each variable into the overall FS, the method is also
recommended for providing the geotechnical engineer
with the relative significance of each variable considered
in the stability analyses of geotechnical projects. Knowing
the relative significance is a relevant asset in the decision-
making process, such as proper actions to be taken when
increasing the FS is required.

FOSM is recommended to be performed together with
arigorous limit equilibrium procedure, such as Morgenstern-
Price method, based on the results obtained for the Caué Mine
(Table 3), in which £ was shown to be more conservative
with Morgenstern-Price method, than with non-rigorous
Simplified Bishop.

The relative significances of all variables may vary
according to the specific geotechnical setting, as verified
by the case studies reported herein. In the Caué Mine slope,
the effective friction angle (@”) was the factor of greatest
significance in S value (Figure 5), while, in Santa Branca
Dam, the effective cohesion (c’) was the most significant
property of in the FS value (Figure 8).
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List of symbols and abbreviations

>

c Effective cohesion

hy o Confidence index

u Pore pressure

X; Mean value of variable x;

FOSM First Order Second Moment

FS Factor of safety

ES; i-th: Factor of Safety (FS) given X;
g Limit state function

I7] Indicative function which is equals to a unit when
FS; (X,) <1 and zero otherwise.

MCS  Monte Carlo Simulation
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Vecci & Sayao

Number of random generated samples in the
Monte Carlo Simulation
PF Probability of failure

mcs

R Resistance

S Stress

V Variance

WL Water level

X; Vector i of random generated variables
p Reliability index

4 Unit weight

Y nat Unit weight above water level
Y sat Unit weight below water level
ox; Small variation of x;

e Accuracy

o[FS] Standard deviation of F'S

@’ Effective friction angle
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