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Abstract

Research on the viscous behavior of soft soils suggested that the effective stress should be
divided into two components. One is related to the solid contacts between the grains, and its
variation would be the true cause of deformations and distortions. The other is related to the
viscous contacts of the water adsorbed to the grains, which would not cause deformations
or distortions, and would be a function of the strain rate. This model is able to explain
some phenomena, such as secondary consolidation and the increase in pore pressure after
drainage closure. However, a consolidation theory adopting a linear relationship between
the viscous component and the strain rate (Newtonian behavior) could not reproduce the
secondary consolidation as seen in consolidation tests. In this paper, three theories of
radial flow consolidation were developed and solved analytically. In two of them the linear
relationship was adopted, while in the third one a non-linear relationship was proposed
(non-Newtonian behavior). The solutions showed that the linear relationship is in fact not
able to reproduce secondary consolidation, but the non-linear relationship provided much
better results and can be a promising tool for future studies.

1. Introduction

Terzaghi (1941) suggested the intergranular contacts
in a soft soil could be divided into two types of contacts.
These are the solid contacts, which occur in the vicinity
of the surface of the particles, and viscous contacts, which
occur in the water adsorbed to the grains. Both contacts
transmit intergranular force, thus it would be necessary
to subdivide the effective stresses into two components
as well.

Terzaghi (1941) used this concept to explain secondary
compression. During consolidation, after almost all the
excess pore pressure has dissipated (“end” of primary
consolidation), relative motion between particles continues
until all viscous contacts become solid contacts. This
gradual movement of the particles over time is then called
secondary consolidation.

Taylor (1942) proposed that clays have an additional
resistance, called “plastic structural resistance”, which is a
non-linear function of the strain rate. It is subdivided into
two parts: “viscous structural resistance”, which acts during

primary consolidation, and “bond resistance”, which acts
during secondary consolidation. Taylor (1942) simplified
the plastic structural resistance to a linear function of the
strain rate in order to develop a consolidation theory, but it
was restricted to primary consolidation.

Leroueil et al. (1985) performed constant rate of strain
(CRS) tests on clay specimens from Canada, with different
strain rates. The results showed that the lower the strain
rate, the more the compression curve shifts to the left. There
would therefore be a limiting compression curve on the left,
representing a zero strain rate.

Martins (1992) argued that some phenomena, such
as stress relaxation and the increase in pore pressure after
drainage closure, contradict Terzaghi’s Principle of Effective
Stress (see Atkinson & Bransby, 1978). Martins (1992) then
suggested that the influence of the strain rate is the missing
piece for the completeness of the Principle of Effective
Stress, and proposed that the shear strength of soft soils has
a portion due to friction and another due to viscosity.

Thomasi (2000), based on Martins (1992), proposed
that the effective stress o' is composed of two components:
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one related to solid contacts, another related to viscous
contacts:

c=o0, (e)+0',’7 (e6)+u

(1)

where o is the total stress, u is the pore pressure, o', is
the solid component, o', is the viscous component. The
solid component is a function only of the void ratio e, and
its variation would be the true cause of deformations and
distortions. The viscous component is a function of the strain
rate £, and its variation would not cause deformations and
distortions.

Other important studies of the influence of viscosity
or the strain rate in soft soils are Taylor & Merchant (1940),
Suklje (1957), Hvorslev (1960), Gibson & Lo (1961), Barden
(1965), Berry & Wilkinson (1969) and Bjerrum (1972),
among many others. More recent studies are Zou et al. (2020),
Schnaid et al. (2021) and Martins (2023).

Andrade (2014) developed a consolidation theory based
on the model expressed by Equation 1. The relationship
between the viscous component and the strain rate
was assumed to be linear for simplification. Analytical
solution introduced a new dimensionless parameter V,
called Viscosity Factor. However, results were not able
to show the secondary consolidation branch in the curves
of average degree of consolidation, regardless the value
of V. Andrade (2014) argued this was due to the linear
relationship, as it should be non-linear. It is verified that
Andrade (2014) theory is mathematically equivalent to
Taylor (1942) theory.

Biz et al. (2022) proposed a modification to Andrade
(2014) theory introducing a non-linear relationship. The viscous
component was assumed to be a power function of the strain
rate, based on Barden (1965), leading to a new expression for
the Viscosity Factor V. Solution was obtained numerically.
Results showed that the secondary consolidation branch is
still absent for low values of V', but it is likely to appear for
higher values. However, Biz et al. (2022) did not present the
complete solution for higher V.

Alexandre & Thomasi (2023) proposed a non-linear
consolidation theory made of a linear spring in series with
a linear Kelvin-Voigt body, based on Gibson & Lo (1961)

model. Total strain is divided into parts, related to primary
and secondary compressions. Primary strain is a linear
function of the effective stresses (as in classical theories),
while secondary strain is a function of the strain rate, as the
Kelvin-Voigt body represents structural viscous resistance to
compression. Different equations for the Kelvin-Voigt body
were proposed, and solutions were obtained numerically.
This paper aims develop theories of radial flow consolidation,
for free strain and equal strain conditions, using the same model
expressed by Equation 1. In order to investigate whether the
manifestation of secondary consolidation is really dependent

on the non-linearity of the viscous component in this model,
linear and non-linear relationships will be addressed.

2. Fundamentals

2.1 Viscous component and secondary consolidation

Figure 1 shows Lima (1993) consolidation test, carried
out in a triaxial cell on a clay sample from Sarapui river, Rio
de Janeiro. The drainage was closed at the end of primary
consolidation, preventing volume changes and distortion.
However, from the moment the drainage was closed, an
increase in pore pressure was observed. According to the
Principle of Effective Stress, if there is no change in volume
or distortion, there should be no variation of the effective
stress. And if the total stress is kept constant, there should
be no increase in pore pressure either.

The interpretation of the phenomenon based on Equation
1 is as follows. The viscous component o, can only exist if
there is any strain rate de / dt. Closing the drainage makes
& go to zero, therefore causing a variation in ¢, as it tends
to zero as well. At the same time, the solid component o

must remain constant, as there is no longer any variation in
the void ratio e. Since the total stress o is kept constant in
the tests, the equality of Equation 1 can only prevail with the
increase in pore pressure u. In this way, the effective stress
would actually be varying, as there would be a transfer of its
viscous component to the pore pressure. However, this would
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Figure 1. Increase in pore pressure after drainage closure at the
end of primary consolidation (Lima, 1993).
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not lead to any deformation or distortion on the specimen,
since the variation of the viscous component does not cause
these effects by definition.

Secondary consolidation can also be explained by this
model. At the “end” of primary consolidation, the excess
pore pressure is practically zero. Since the total stress is
kept constant, the effective stress is assumed to be constant.
This means the change in volume cannot be attributed to
a change in effective stress as a whole. As suggested in
Figure 1, the viscous component of the effective stress
is still present in significant magnitude at the end of the
primary. Thus, secondary consolidation would occur by
the internal transfer of the viscous component 0','7 to the
solid component o, so that the effective stress as a whole
does not vary. The change in volume happens because the
solid component is varying, and it is what actually causes
deformations.

Therefore, primary consolidation occurs through a
transfer of excess pore pressure to the solid component of
the effective stress, while secondary consolidation occurs
through a transfer of the viscous component of the effective
stress to the solid component. Primary and secondary
consolidation would not be two distinct phenomena, but the
same phenomenon resulting from two effects that combine:
hydrodynamic resistance to drainage and viscous resistance
to deformation.

This understanding of the role of viscosity in soils is
similar to but different from that of Taylor (1942). The viscous
component is not an additional portion to the effective stress,
but a part of it. And although it is a part of the effective stress,
its variation does not cause deformations or distortions, as
predicted by the Principle of Effective Stress. Thus, Equation
1 represents a slight change in the Principle of Effective
Stress, as proposed by Martins (1992).
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2.2 Components of the effective stress in the
compression curve

There is an important consequence in the initial excess
pore pressure. At time ¢ = 0, when the load is instantaneously
applied, the void ratio has not changed yet, which corresponds
to a zero increase in the solid component of the effective
stress. However, because the load is applied instantaneously,
at this moment there is already a non-zero strain rate. This
strain rate mobilizes the viscous component of the effective
stress, mainly near the drainage boundaries, where it is higher.

This means that the initial increase in effective stress
(solid component + viscous component) is actually greater
than zero and, therefore, the initial excess pore pressure is
smaller than the total stress increment applied. It is worth
mentioning that Thomasi (2000) in fact observed an initial
excess pore pressure lower than the total stress increase,
when measuring pore pressure in consolidation tests carried
out in a triaxial cell.

Figure 2 illustrates how the components of the vertical
effective stress o, and the pore pressure u are related in
the compression curve. Segment ADGJ (Figure 2a) is the
line of the end of consolidation (primary and secondary),
corresponding to a strain rate &, equal to zero. It represents the
relationship between the void ratio e and the solid component
of the vertical effective stress o, — the component which is
actually associated with change in volume. Each line parallel
to the ADGJ is an isotache (a line of same strain rate). Curve
BEHJ shows the excess pore pressure at any effective stress
o,, and AC is the total stress increase Ao,

At ¢t = 0", if consolidation begins at point A, segment
AB is the value of the viscous component of the vertical
effective stress O'Lﬂ (non-zero, since there is already a
strain rate from the beginning) and BC is the initial excess
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Figure 2. Primary and secondary compressions in the model. (a) Compression curve. (b) Consolidation curve.
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pore pressure. The “movement” from point A to point B
is a change in effective stress, but there is no deformation
as there is no change in o, — void ratio is still the initial
void ratio e,. This is comparable to overconsolidation, as if
segment AB could be interpreted as the recompression curve
naturally emerging from the model, while point B would be
the preconsolidation stress.

During consolidation, the magnitudes of the effective
stress components and the excess pore pressure vary. At a
given moment, the viscous component is represented by
segment DE and the excess pore pressure by segment EF.
After a certain time, the viscous component corresponds to
segment GH, and segment HI is the excess pore pressure,
so small that is negligible — this is the “end of the primary”
for practical purposes, at void ratio e, (Figure 2b). The path
HJ, almost coincident with 1J, has been called in engineering
practice “secondary compression”. Consolidation ends at
point J, when the void ratio is its final value e,.

2.3 Andrade’s theory

Andrade (2014) used this model to develop a new theory
of one-dimensional consolidation. The relationship between
the viscous component and the strain rate was assumed to be
linear for simplification, which corresponds to a Newtonian
behavior. The inclusion of viscosity led to the emergence of
a new dimensionless parameter V, called Viscosity Factor:

y =1 k22 2)
e wH d
where £, is the coefficient of vertical permeability, 7,, is
the unit weight of water, /, is the maximum length of the
drainage path, and 77 is the average viscosity coefficient,
which is the coefficient of proportionality between the viscous
component and the strain rate.

The Viscosity Factor acts to “delay” consolidation,
both primary and secondary. The higher the value of V/, the
longer it takes for consolidation to develop. If ' =0 (that
is, if 77 =0), the solution reduces to the classical theory
(Terzaghi & Frohlich, 1939), since there is no viscosity to
slow down the process.

Figure 3 shows the attempt of fitting between the theory
and experimental results carried out by Martins (1990), in
a long-term consolidation test in a mixture of 90% kaolin
and 10% bentonite. Andrade (2014) adopted ' = 0.008 as
the best fit. Although the model is capable of theoretically
explaining secondary consolidation, the theory was clearly
not capable of reproducing it as seen in the consolidation test.

Andrade (2014) argued that this result is due to the
linearity of the relationship between the viscous component and
the strain rate, for it should be non-linear. Figure 4 illustrates
the reasoning. The viscosity coefficient is the tangent of
the curve that relates the viscous component of the effective
stress and the strain rate. For a non-linear relationship, 7 = 77,
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Figure 3. Comparison between experimental curve (Martins,
1990, from Andrade, 2014) and theoretical curve (Andrade, 2014)
(V' =0.008).
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Figure 4. Viscous component versus strain rate.

at the beginning of consolidation is the smallest tangent.
As consolidation proceeds, n(e) grows until it reaches its
maximum value at the end.

Andrade (2014) adopted a linear relationship using a
constant value 77, searching for the best fit during primary
consolidation —that is, 77 closer to 77,. Therefore, the viscous
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component was lower than expected for lower strain rates. This
leads to an underestimation of the secondary consolidation, as
it depends directly on the presence of the viscous component
at the end of the primary.

Experimental evidence that the viscous component is
non-Newtonian was presented by Alexandre (2000, 2006)
and Santa Maria (2002). Santa Maria & Santa Maria (2018)
suggested a hyperbola as a reasonable fit, as shown in Figure 5.
It can be seen the tangent of the curve increases as the void
ratio rate decreases.

In general, long-term consolidation tests exhibit the
same behavior as Martins (1990) test (Figure 3). First, primary
consolidation occurs, as predicted by the classical theory of
consolidation (with no viscosity). Then, secondary consolidation
becomes predominant, through an approximately constant
slope in log scale — better known by the parameter C,, in the
e—logt? curve. Finally, after a long time, a change in slope
marks the end of secondary consolidation, and consolidation as
a whole. Other long-term tests for vertical flow consolidation
were performed by Elrefai (1973), Salem & Krizek (1975),
Félix (1980), Vieira (1988) and Carvalho (1997).

It is worth mentioning that Santa Maria & Santa Maria
(2018) expanded the Newtonian theory proposed by Andrade
(2014) by considering the compressibility of the water in the
voids. An analytical solution was presented, and it matches
Andrade‘s theory if the bulk modulus of elasticity of water
tends to infinity (water is incompressible). In the present paper,
however, the compressibility of water will not be addressed.
Its influence is mainly at the very beginning of consolidation,
while the objective of the present paper is to understand
secondary consolidation as a function of the strain rate.

3. Radial flow consolidation theories

Since the model presented in this paper was used in
consolidation theories only for vertical flow (Andrade, 2014;
Santa Maria & Santa Maria, 2018), theories of consolidation
for radial flow will be developed in this item. The differential
equations can be solved using the same methods as Barron
(1948) and Taylor & Merchant (1940). The complete solution
is presented in Carneiro (2019).

Three theories will be developed and solved analytically:

» free strain condition — Newtonian behavior;
*  equal strain condition — Newtonian behavior;
*  equal strain condition — non-Newtonian behavior.

Some simplifying assumptions are the same as the
classical theories of radial flow consolidation (Rendulic,
1935; Barron, 1948). They are:

*  Soil is homogeneous;

*  Soil is fully saturated;

*  QGrain and water compressibility is negligible compared
to soil skeleton compressibility;

* Darcy’s Law is valid,

+  Water flows in a horizontal/radial plane (towards
the drain well);
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Figure 5. Viscous resistance versus void ratio rate —fitted hyperbola
compared with one-dimensional consolidation data (Santa Maria,
2002, after Santa Maria & Santa Maria, 2018).

*  Compression is one-dimensional;
*  Some physical parameters remain constant over time.
Additional assumptions result from the components
of the effective stress, absent from Barron (1948) theory:
»  Effective vertical stress is made up of two components:
a solid component and a viscous component;
*  Volume change is due exclusively to variation in the
solid component of the effective stress;
*  Variation in the void ratio is proportional to variation
in the solid component of the effective stress;
* The viscous component of effective stress is a
function of strain rate;
From the simplifying assumptions in common with
Barron (1948), the differential equation that serves as the
basis for the three theories is:

2
k10w Ow)| 1 e 3)
yo\ror o] l+eot

where £, is the coefficient of radial permeability, 7y is the
unit weight of water, u is the excess pore pressure, e is the
void ratio, 7 is the radius variable and ¢ is the time variable.

3.1 Free strain condition — Newtonian behavior

In the free strain condition, volume changes are the
result of uniform loading on the surface. From the model:

o, =0+ 0';,7 +u 4)
Differentiating with respect to time:

do' do'

Vs v

dt dt

du

==0 ©)
dt
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Relating the void ratio with the solid component:

de  de do ‘
dt do), dt ©)

The constant that defines the proportionality between
the variation in the void ratio and the variation in the solid
component will be represented by a,. It is worth noting that
a,, is analogous to a, in classical theories of consolidation,
but conceptually different as it refers to one of the effective
stress components and not to the effective stress as a whole.
From Equation 6:

do!

— v 7
s = (M

de _
dt
Now from Equation 5:

d ’
de_, [L%m  du (8)
dt e dt

As the viscous component in this theory presents
Newtonian behavior, the same relation from Andrade (2014)
will be adopted:

, n_Jde

o = — —_
v 1+e ot ©)

Differentiating o-;q with respect to time and combining
it with Equation 8:

de_ |du (77 (0%
d |ldt \1+e) o

Combining Equations 3) and 10, it gives:

2 — 2
Cpg 1%4,67” + k’i E 1%4,67“ 7%:0 (11)
ror or? Ve JOt\ r or or? ot

where c,, is the coefficient of radial consolidation given by:

(10)

k, (l+e)

aVS 7W

€y = (12)

The boundary and initial conditions are:

. u(rw,t)=0 for t>0;

6u(r,t)

-0 for £>0;
or

r=r,

. u(r,O):uo(r) for =0

where 7, is the radius of the well, 7, is the external radius
(radius of influence), and u, () is the initial excess pore
pressure as a function of the radius variable 7.

It should be noticed that the two boundary conditions
are identical to Barron (1948) classical theory of radial flow
consolidation. However, the initial condition is different
from Barron (1948) as viscosity causes the initial excess
pore pressure to be less than the total vertical stress increase
Ao, as part of it becomes increase in the viscous component
of the effective stress.

Solution in terms of normalized excess pore pressure
u(r.t)/Ac, is:

24 (@) 4, [an:]

e

a4 (an)- 43 ()]
1 ool 4a’n’T,
1+4a’n’V, P 1+4a’n’V,

(@)=, (), (en) ¥, (@), (an)

(13)

Ay (an) = Jy (an)Y, (an)-Y, (an)J, (an)

4, [aan] =J, (aan]Yl (an)-¥, [aanJ Jy (an)

e e e

where:
o J1 — Bessel functions of the 1st kind of zero and first
order, respectively;
Yy, ¥, — Bessel functions of the 2nd kind of zero and first
order, respectively;
ay, &, 03, ... —1OOts satisfying J, (an)Yy (a)-Y, (an)Jy(a)=0;
and # is the ratio:
r, d

n=—=
r, d

- (14)
w
where d,, is the diameter of the well and d, is the external
diameter.

The Radial Time Factor 7, is given by:

_ Enl (15)
rs de2

The Radial Viscosity Factor ¥, is given by:

L
v - mz
Ve

(16)

Finally, solution in terms of average degree of
consolidation U, is:
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a, 2
T 44, ()

L i () A (an)- 4P (a) ]
ool 4a*n’T,
P 1+4a’n?V,

(17)

3.2 Equal strain condition — Newtonian behavior

In the equal strain condition, volume changes are uniform
rather than the stress increases. This requires working with
the averages of the stresses. From the model:

o,=0" +0', +i (18)

Repeating the steps from Equations 3 to 10 for the
averages of the stresses:

de_ [ (7 )%
d "l dt \l+e) o

Combining with Equation 3:

2 = 2
Cps 16_144_6_” + krn ﬁ la_u+a_u _E:O (20)
ror ot Y JOt\ 1 Or or? dt

(19)

With the following boundary and initial conditions:

. u(rw,t)=Ofort>0;

6u(r,t)
or

=0 for t>0;

r=r,

«u(0)=uq for 1=0

where u, is the initial average excess pore pressure, again

less than the total vertical stress increase Ao,
Solution in terms of normalized excess pore pressure
u(r,t)/ Ao, is:

% r
Ao, f(n) nre 2
8 @1)
exp L
o
8 r

where T, and V, are expressed by Equations 15 and 16, and

2 2

n 3n- -1 3
n)= Inn— =lnn-—
f() n? -1 4n* 4

And in terms of average degree of consolidation U_} is:

(22)

—8T,
U =l-—exp| — 15
' eXp[f(n)+8VJ

3.3 Equal strain condition — non-Newtonian behavior

(23)

The average viscous component of the effective stress
o'y, is defined as:

—_ n(e) de

AN, (24)

Vi l+e ot

In this development a function 7(e) that increases
with time will be used, instead of an average value 7.
The aim of this theory is to obtain an analytical solution to
the problem, thus o', as a function of the strain rate will
not be a hyperbola, as suggested by Santa Maria & Santa
Maria (2018). Let 77 (e) be expressed by:

0
77(e)=77f —(77f —no)aua—z (25)

where 779 and 77  are the initial and final values of the viscosity
coefficient, respectively, and g, is the value, at time ¢ = 0, of
the following derivative:

e
“ou

L _om

o a, Oe

a (26)

t=0

The value of 0i / 0e is maximum for ¢ = 0, as most of
the initial deformation is caused by the transfer of excess
pore pressure to the solid component. It can be noticed that,
at ¢ =0, Equation 25 gives 77(6) =1)o. Near the end of the
consolidation, 0u / 0e tends to 0, since all the excess pore
pressure has dissipated. Thus, 7](@) tends to its final value

¢. Therefore, n(e) is smaller at the beginning and grows
as the consolidation takes place.

It should be made clear that the Equation 25 is not a
theoretical relationship, nor even verified experimentally. It is
a mathematical expression to make the viscous component
non-linear and, at the same time, to allow an analytical
solution for the differential equation. However, the idea
that the value of 77(6) increases with time is in fact based
on experimental results.

Let A be:

My =10
ny

=2 27)
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which varies between 0 and 1. If 4 =0, the final viscosity
coefficient 77 is equal to the initial one 77,. This is the case
of constant viscosity coefficient.

Rewriting Equation 25:

o
n(e)znf—launfa—z (28)

Substituting Equation 28 into 24:

ou) 1 oOe
o', =— -Aan,— |—— 29
K (nf Wy 6ej1+e@t 29)
Rewriting it:
—__ My e, T odu (30)
" l+e ot “Ite dt

Repeating the same process as in the previous items,
it gives:

o [Lou, u) (Kns)of1ou '
lror ot Ve )Ot\r or o2
. 2—
Aa, A —d —ﬂ
l+e) df> dt

From Figure 2, it is observed that the compression
curve BEHJ at ¢t = 0 has approximately the same tangent as
the line of the end of consolidation ADGJ. In physical terms,
this means that the initial volume change is entirely due to
the transfer of the excess pore pressure to the effective stress
at the beginning of consolidation. This is consistent, since
consolidation tests provide primary consolidation curves
very close to those predicted by classical theories, which
are purely hydrodynamic.

Thus, boundary and initial conditions are:

€2))

. u(rw,t):O for ¢t > 0;
NI 30| B
or .

e

« u(0)=u, for 1=0;

dii (mu azuj
e |~ =+ | fort=0.
dt P

r or I

The last condition is equal to the differential equation
from Barron (1948). Thus, it is mathematically expressed
that the very beginning of consolidation behaves as in
classical theory, as interpreted from Figure 2 and observed
in consolidation tests. Consequently, the viscous component

' is constant at the very beginning of consolidation

o Vi
(da'm/dt =0), and q, = a,,.

Solution in terms of normalized excess pore pressure
u (r, t)
Ao

v

is:

e, (1-2)

X{Hf( )X/ljexp(XzT )-

8

(1+fg") Jexp(XlT)

X1+ P x o x| 1+ P\ x 2
EEE

(32)

o o[ 40, ] a0,

/(n)
8

225V,

where T, is expressed by Equation 15, and the final Radial
Viscosity Factor Ve is:

k.n
Ve

(33)

And solution in terms of average degree of consolidation
U, is:

X,
0o v, %{Hfgn)},)(z}exp()(ﬂ"”) o
@ (1-4) (x, —Xz)fg")
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Figure 6. Isochrones u(r,t)/ Ao, versus 1/ , for Newtonian viscous component, with # = 20 and ¥, = 0.03 (solid line), compared

to Barron (1948) (dashed line). (a) Free strain; (b) Equal strain.

From Equation 27, it can be noticed that the term
Vi (1 - /1) in Equations 32 and 34 expresses the initial Radial
Viscosity Factor V,:

kr’]()
Vo=V, (1-2)= 35
0=V (1-2) o (35)

4. Results and discussion

The solutions obtained in the previous item depend on the
Radial Viscosity Factor, V.. This new dimensionless parameter
is directly proportional to 77, be it constant or variable. Being
constant, the expression (Equation 16) is equivalent to that
obtained by Andrade (2014) for vertical flow consolidation
(Equation 2). Being variable, V. can be expressed either by
its final value, V,, or by its initial value, V.

The Radial Time Factor, 7,., is analogous to the Radial
Time Factor from Barron (1948) theory. The difference
between the two parameters is only conceptual, due to the
assumption that deformations are caused by change in one
component of the effective stress, and not the whole effective
stress. Thus, 7., is a function of a,, = —de/ do), instead of
a, =—de/ do), 1t should be noticed that Barron (1948) theory
is a particular case of the present theory for zero viscosity,
in which a,, becomes identical to a,.

4.1 Newtonian behavior

Figure 6 shows the isochrones relating the normalized
excess pore pressure y (r, t) / Ao, and the dimensionless radius
r/ r, for Newtonian viscous component (77 (e) =17), for both
free strain (Figure 6a) and equal strain (Figure 6b) conditions.
Curves were plotted for V. = 0.03and n = 20. For comparison,
Barron (1948) curves are also plotted, in dashes, relating 7,
and 7,.. As mentioned, Barron (1948) solution is a particular
case of the present theories when 77 = 0 (no viscosity).

Trs
0.001 0.01 0.1 1 10 100
0% ==
10%
20%
30%
40%
15 50%
60%
70%
80%
90%
100%
Figure 7. Comparison between average degree of consolidation
curves for free strain (solid line) and equal strain (dashed line)
conditions, for Newtonian viscous component and 7 = 20.

1000

In general, the presence of viscosity “delays” the
consolidation in the new theories when compared with the
classical solution (Barron, 1948). The greater the value of 7, ,
the greater the delay. However, the behavior of the curves is
quite similar for ¥, = 0.03, as shown in Figure 6. It is worth
mentioning that this value is almost 40 times greater than
the best fit obtained by Andrade (2014) for the curves of the
experimental tests performed by Martins (1990) (Figure 3).

In the free strain condition (Figure 6a), the presence of
viscosity makes the initial pore pressure excess not equal to the
total stress increase along the radius of influence of the well.
This effect is more noticeable near the drainage boundary (at
r/r, =0.05), because the strain rate is higher in this region.

Figure 7 compares the average degree of consolidation
curves for free strain (solid line) and equal strain (dashed line)
conditions, for Newtonian viscous component and n = 20.
The curves from the classical theory (Barron, 1948), which
correspond to ¥, = 0, are also plotted. It can be noticed that,
for V. < 0.1, the curves are practically coincident with the
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classical theory. The higher the V. values, the more they
move away from Barron (1948), delaying consolidation.
Furthermore, the difference between free strain and equal
strain conditions is negligible.

More importantly, Figure 7 shows that the adoption of
Newtonian behavior for the viscous component of the effective
stress is not able to reproduce secondary consolidation.
Viscosity delays consolidation not only after the excess pore
pressure is practically zero, but the entire consolidation as a
whole. This result is consistent with that obtained by Andrade
(2014) for a vertical flow.

4.2 Non-Newtonian behavior

Figure 8 shows the isochrones relating the normalized
€XCess pore pressure u (r, t) / Ao, and the dimensionless

—Trs=0 -Trs =0.05 —Trs=0.10 Trs=0.25
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1.00
0.80
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r/re

Figure 8. Comparison between average degree of consolidation
curves for equal strain conditions, for non-Newtonian (solid line)

and Newtonian (dashed line) viscous component, and 1 = 20.

radius r/ r, for the two theories of equal strain conditions,
for n = 20. Curves for Non-Newtonian viscous component
(solid lines) were plotted for V,, =0.03 and V,, =10000.
Curves for Newtonian viscous component (dashed lines) were
plotted for I/, = 0.03. It can be noticed that the two theories
are almost coincident with respect to excess pore pressure.
The value of the final Radial Viscosity Factor, even though
it is so much higher than the initial one, makes a negligible
difference in the results. Notice that the theory for the non-
Newtonian viscous component converges to the Newtonian
one by making Vip =V, a8 if the parameter 7 did not vary
during consolidation.

Figure 9 shows the average degree of consolidation
curves for equal strain condition for non-Newtonian viscous
component, with n = 20, 7,, = 0.1and different values of Vi
. It can be noticed that this theory is capable of presenting
secondary consolidation. As all curves have the same V.,
they all have the same ratio between primary settlement and
total settlement, R. Thus, they form an asymptote at U, = R.

It was not possible to find radial flow consolidation
tests in the literature long enough to observe the end of
secondary consolidation. However, the behavior is expected
to be comparable to those of vertical flow (Figure 3). Thus,
the non-Newtonian theory (Figure 9) provided much more
accurate results than the Newtonian theories (Figure 7).

Figure 10 shows the average degree of consolidation curves
for the same case as Figure 9, but now with V- =10000 for
all curves and different values of V., for each one. As a result,
each curve has a different ratio R, but they all tend to “end”
consolidation at the same time as all of them have the same 1/, p
(which is an approximation since the end of consolidation is
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Figure 9. Average degree of consolidation curves for equal strain condition for non-Newtonian viscous component, with 7 = 20,

V.o =0.1and different values of ..

7
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theoretically at infinity). Barron (1948) theory corresponds to
R =100%, since there is no secondary consolidation. The higher
the V., the smaller the portion of primary settlement in relation
to the total settlement.

The interpretation of the previous figures (Figure 8§,
Figure 9 and Figure 10) makes it clear that V,, is directly
related to primary consolidation, while ¥, is related to
secondary consolidation. The greater the value of ¥, the
smaller the portion of primary settlement in relation to the
total. The greater the value of V., the longer it takes for

lim U, = R| 1-exp| — 87, (38)
'y 7(n)

It can be noticed that Equation 38 is almost identical

to the average degree of consolidation from Barron (1948)

theory, differing only by the ratio R that multiplies the whole

equation. This means that the primary consolidation from the

present theory is in fact identical to that from Barron (1948).
Uy

secondary consolidation to “end”. Thus, as expected, Vrf The average initial excess pore pressure Ao, on the
has very little influence on the distribution of excess pore  surface of the cylinder of influence of the well is defined as:
pressure, which is mainly dependent on V.
From Figure 9, a curve with ¥, tending to infinity 7 u(r,O) 5 rd
would be asymptotic at U, = R. By making ,, — oo in w  1(0) _[r Ao, zrdr (39)
Equation 34, it gives: = = > B
AO—V AO-V ﬂ-(re -7, )
/(n) _ N
_ 8 8T From Equation 32, the following relation is obtained:
lim U, =R——————exp| ——5 (36)
D) 7
S )
u
_ o 8 _p (40)
If T, =0, then U, = 0. Therefore: Ao, f(”)
o o
f(n) Thus, in this theory the average initial excess pore
8 Sy = S (’1) I-R 37) pressure in relation to the total stress increase is equal to
f(n) 07 e R the magnitude of the primary settlement in relation to the
g Vo total settlement. Although the initial excess pore pressure
is expected to be lower than the total stress increase due to
Substituting into Equation 36: the effect of viscosity, this result is likely due to the linear
Trs
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Figure 10. Average degree of consolidation curves for equal strain condition for non-Newtonian viscous component, with 1 = 20,

V., =10000 and different values of /..
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relationship between the variation in void ratio and the
variation in the solid component of the effective stress,
represented by the parameter a,.

Lastly, it can be noted that, although the theory is
able to reproduce secondary consolidation, it is not able to
show its characteristic slope C,, in log scale. The average
degree of consolidation curves in Figure 9 are horizontally
asymptotic, that is, with zero slope. It was seen that 7,
(and by extension 77,) determines the magnitude of primary
settlement in relation to the total settlement, while Vi
(and by extension 77,) determines the time required for
the “end” of secondary consolidation to occur. It is likely
that the shape of the O"',,] —0e/ Ot curve is responsible for
the slope C, that connects the “end” of primary to the”
end” of secondary, since it is essentially the transition
from 77y to 7.

5. Conclusion

Three theories of radial flow consolidation were developed
and solved analytically, with different behaviors for the
viscous component O"v,i of the effective stress as a function
of the strain rate Og / 0¢. Results show that the Newtonian
behavior is not able to reproduce secondary consolidation
as seen in oedometer tests, since viscosity delays the entire
consolidation as a whole.

On the other hand, the non-Newtonian behavior was able
to properly display both primary and secondary consolidations,
delaying only secondary compression. Consolidation curves for
the non-Newtonian theory exhibit a clear distinction between
primary and secondary compressions. Furthermore, the primary
consolidation portion of the curve coincides with Barron (1948)
classical theory.

Despite showing the distinction between primary
and secondary consolidation, the non-Newtonian theory
was not able to show the secondary compression index
C,- Instead, the average degree of consolidation curves
are horizontally asymptotic during the transition from
primary to secondary consolidation. Thus, results are
highly dependent on the o-'w7 —0¢ / Ot relationship adopted
in the model.

The theories gave rise to a new dimensionless parameter
called Radial Viscosity Factor, V... In theories for Newtonian
behavior, V,. is a constant. In the non-Newtonian theory, the
initial value V, determines the magnitude of the primary
settlement in relation to the total settlement, while the
final value V,, determines the time required for the end of
secondary consolidation.
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List of symbols and abbreviations

a, Oe/ouatt=0

a, Coefficient of compressibility

Ay Coeflicient of compressibility in relation to 0';S
Cpy Coefficient of radial consolidation in relation to a;s
d, Diameter of influence of the well

d, Diameter of the well

e Void ratio

e Initial void ratio

e, Void ratio at the end of primary consolidation
er Void ratio at the end of secondary consolidation
k, Coefficient of radial permeability

k, Coefficient of vertical permeability

n Ratio of d, and d,,

r Radius

7, Radius of influence of the well

r, Radius of the well

t Time

u Pore pressure

u Initial pore pressure

u_ Average pore pressure

Uy Average initial pore pressure

C, Coefficient of secondary consolidation

H, Maximum length of the drainage path in vertical

flow consolidation
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T, Radial Time Factor in relation to O';S

U_r Average degree of radial consolidation

vV Viscosity Factor

v, Radial Viscosity Factor

Voo Initial Radial Viscosity Factor

Vi Final Radial Viscosity Factor

Vw Unit weight of water

Ao, Total stress increase

& Strain

£ Strain rate

7l Average viscosity coefficient

o Initial viscosity coefficient

n Viscosity coefficient

My Final viscosity coefficient

A Viscosity parameter relating o and 77

o Total stress

o' Effective stress

o, Solid component of the effective stress

O';] Viscous component of the effective stress

o, Vertical total stress

o', Vertical effective stress

o'\ Solid component of the vertical effective stress

o',  Viscous component of the vertical effective stress

o, Average vertical total stress

O Average solid component of the vertical effective
stress

g_m Average viscous component of the vertical effective
stress
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