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The heterogeneity of microelement strength of rock particle materials is one of the main
factors that cause the size effect of the rock particle crushing behavior. In this paper,
a numerical model of rock particles that considering the characteristic of microscopic
heterogeneous bond strength was established by using Weibull distribution theory through
discrete element method. Single particle crushing experiments were carried out on five
groups of rock particles and numerical particles with different particle sizes (6-21 mm), the
crushing strength and failure modes of rock particles and numerical particles with different
sizes were obtained. The results shows that the proposed numerical model can effectively
reproduce the size effect of rock particle crushing behavior. The particle crushing strength
data are satisfied the Weibull statistical model and have obvious size effect. The particle
failure modes can be divided into three different failure types: “brittle” failure, “quasi
brittle” failure, and “ductile” failure. As the particle size increase, the particle failure mode
changes from “ductile” failure to “brittle” failure. Finally, a microscopic damage function
model of particle crushing was established based on the numerical simulation results, which
explained the microscopic mechanism of the size effect of particle crushing behavior. This
study not only helps to improve the stability of engineering materials, but also optimizes

engineering design and construction, and promotes related technological innovation.

1. Introduction

Rock particle material has the characteristics of good
compressibility, small deformation, and high shear strength, so
itis widely used in railway, highway, tunnel, and other filling
projects (Wang et al., 2015). However, when the external force
exceeds the bearing limit of rock particles, uneven settlement
caused by particle breakage can cause incalculable losses to
the normal use of engineering buildings (Chen et al., 2017,
Feng et al., 2016). In addition, the change of gradation and
interaction force caused by particle crushing, will also have
a great influence on the engineering mechanical properties of
rockfill dams (Zhou et al., 2019). Therefore, understanding
the crushing behavior of rock particle materials is of great
important for the safety of engineering construction.

At present, research on the mechanical properties of rock
particle materials mainly focuses on experimental studies such
as uniaxial compression experiments, triaxial compression
experiments, triaxial shear experiments, and cyclic load
experiments. Song et al. (2022) obtained the compaction
deformation relationship of the lateral limit crushed coal rock

body by studying the compaction characteristics of crushed
coal gangue with different gradation. Yokura et al. (2015)
concluded the plastic work calculated from the results of
stress-strain relationship and relative crushing degree (B7)
by conducted compression tests on sandy soil. Zhu et al.
(2009) conducted uniaxial compression experiments based
on the numerical simulation method, obtained the curve
relationship between the compressive strength and size of
basalt, established a Weibull distribution model of mechanical
properties from a microscopic perspective. Zhang et al.
(2011) and Shi et al. (2020) clarified the differences between
different strength parameters inside rock particle materials
through triaxial compression experiments. Guo et al. (1997)
provided a detailed discussion to the effect of particle breakage
inside the specimen on the overall shear strength based on
triaxial shear experiments. Li et al. (2016) proposed a peak
shear velocity strength model for rock particle materials
based on the shear strength characteristics of rock particle
materials under different shear velocity conditions. Although
the particle crushing characteristics and their correlation
with the mechanical behavior can be elucidated through the
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aforementioned experimental approaches, but they cannot
provide a reasonable explanation for their crushing behavior
at a microscopic scale. Therefore, various microscopic testing
approaches such as X-ray micro-computed tomography
(Zheng et al., 2019) and CT scanning technology (Du, 2014)
have been adopted to capture the microscopic crushing
behavior of crushable particles. However, these approaches
have not been widely applied due to the constraints of costly
experimental equipment.

The Discrete Element Method (DEM) is a numerical
simulation method for discontinuous deformation proposed by
Cundall (1971). Typically, there are two DEM-based approaches
for simulating the particle crushing, the fragment substitution
method (Tavares & Chagas, 2021) and the aggregate method
(Cil et al., 2020). The former mainly replaces the original
particles that have already crushed by using non cohesive
elementary balls. When using this method for particle crushing
simulation, it is necessary to manually set particle crushing
criteria and fragment replacement modes, which makes
the particle crushing mode significantly different from the
actual particle. In contrast, the aggregate method provides
superior capabilities in simulating the multi-scale crushing
behavior of individual particles by modeling individual
crushable particles as a collection of bonded elementary balls.
For example, Rabiei et al. (2023) analyzed the influence of
rock particle sample size on compressive elastic modulus,
crack initiation, and crack damage stress limit based on the
aggregate method. Zhou et al. (2019) simulated the random
compressive strength of rockfill particles by introducing
subcritical crack propagation theory into the aggregate
particle DEM model.

As is well known, the size effect of rock particle
crushing behavior is mainly caused by the heterogeneity of
microelement strength and the shape of particles (Jo et al.,
2011). Therefore, how to reasonably reflect the heterogeneity
of microelement strength and the shape of the particles are the
key to whether the numerical model can correctly reproduce
the size effect of rock particle crushing behavior. Barbosa et al.
(2022) provided a detailed discussion on the influence of soil
particles with different shapes on their crushing behavior based
on the discrete element method. Zhou et al. (2017) conducted
numerical simulations of single particle compression tests on
five groups of different particle sizes and shapes of rockfill
particles based on discontinuous deformation analysis methods,
analyzed the influence of particle interface unit strength on
particle fragmentation. Zhang & Huang (2022) introduced
inhomogeneous stiffness and strength properties obeying
a Gaussian distribution into the numerical model based on
bonded particle method (BPM), reproduced the size effect
of particle crushing strength. Zhao & Liu (2020) by using
the advantages of the random field theory in characterizing
the spatial variation and uncertainty of microscopic material
properties, analyzed the detailed fracturing mechanism of
rock mass. Although the above research has thoroughly
analyzed the influence of heterogeneity in micro element

strength and particle shape on this phenomenon, but there is
no reasonable explanation for the particle crushing behavior
from a microscopic perspective.

Based on the previous researchers results, this paper
introduces non-homogeneous bond strength parameters
into irregular aggregate particle model by discrete element
method, so as to establish a numerical model of rock particles
considering the characteristics of microscopic heterogeneous
bond strength, reproduced the size effect of rock particle
crushing behavior. The relationship between particle size,
crushing strength, and crushing mode was discussed in detail.
Finally, a microscopic damage function relationship model
for particle breakage damage was established based on the
numerical simulation results. Explained the microscopic
mechanism of size effect in rock particle crushing behavior.
This study has a certain guiding role in improving the stability
of engineering materials, optimizing engineering design and
construction.

2. Single particle crushing experiment and
discrete element modeling

2.1 Experimental materials and scheme

The basalt rockfill material in Yunnan Province of
China was selected as the experimental material in this
study. All basalt particles are divided into different particle
size groups of 6-9 mm, 9-12 mm, 12-15 mm, 15-18 mm,
18-21 mm, and with 35 particles in each group, as shown
in Figure 1. In addition, Table 1 shows their Poisson ratio,
Internal friction angle, Volume density, and Porosity, which
were determined through uniaxial compression experiment,
triaxial compression experiment, and other geotechnical
experiments.

The uniaxial compression experiment of basalt particles
was carried out by universal material testing machine, as
shown in Figure 2. The left side is the loading system, and
the right side is the control system. The loading system
mainly consists of top platen, bottom platen, and pressure
sensors. The top and bottom plates are made of steel plates
with a diameter of 100 mm and a thickness of 20 mm, used
for loading granular materials. Pressure sensors are used to
measure the pressure value of the granular materials during
the compression process. The control system mainly consists
of a hydraulic controller and an operation monitoring system.
During the loading process, the hydraulic controller is used
to control the speed and displacement of the top plate, and
the operation monitoring system is used to monitor and
record the force displacement curve and the peak crushing
force of particle crushing during the testing process. In this
experiment, the basalt particles were placed at the center of the
bottom platen, and the top platen was moved downward at a
uniform speed of 1 mm/min until the particles were crushed.
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Table 1. Physical properties of basalt particles with different particle sizes.

Particle sizes (mm) Poisson ratio Internal friction angle (°) Volume density (g/cm?) Porosity (%)
6-9 0.213 53.132 2.838 0.531
9-12 0.221 53.574 2.939 0.874
12-15 0.232 55.339 2.841 1.089
15-18 0.254 56.132 2.842 1.111
18-21 0.267 56.651 2.845 1.134

Figure 1. Part of basalt particles with different size groups.

2.2 Constitutive of linear parallel bond model

Aggregate method is one of the most widely used
methods to simulate particle breakage in discrete element
method (Zhao & Liu, 2020; Zhou et al., 2017). In the numerical
simulations, the rock particle is generally constructed as a
particle aggregate, which consists of many rigid balls of finite
size that are cemented by linear parallel bonds. The linear
parallel bonds are assumed to be a cylinder that transmits
both contact force and contact moment, as shown in Figure 3.

The parallel-bond force F is resolved into a normal and
shear force, and the parallel-bond moment M is resolved into
a twisting and bending moment, they can be calculated by:

nle T (1
M=M,f_+M, 2)

where fi_ is the unit-normal vector. F, and F, are the normal
and shear force. 1\_/[t and 1\_/[b are the twisting and bending
moment. And during the process of loading, they can be
calculated by the following:

F =F, +k, AAS, 3)
F =F K A0S, @
M, =M, -k, TAB, 6)
M, =M, -k, TAO, ©)

ey 100mm §

b8 Bottom platen

Pressure sensors|

s

Loading system

Control system

Figure 2. Universal material testing machine.

where En and ES are the normal and shear stiffness, A3, and
A3, are the relative normal-displacement increment and
the relative shear-displacement increment within a certain
calculation time step, A@ and A, are the relative twist-rotation
increment and the relative bend-rotation increment within a
certain calculation time step. A is the cross-sectional area,
J and T are the moment and the polar moment of inertia of
the parallel bond cross section, respectively, and they can
be calculated by:

A=nR* O]

7= LR ®)
2
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During the calculation process, the stress of the parallel-

bond is divided into tensile stress G and shear stress T, which
are calculated by:

6—%+B| ;|§ (1)
?_%BW%W (12)

where B & [0,1] is the moment-contribution factor. If the
tensile-strength limit G, and the shear-strength limit 7, are
exceeded (6>G,,,7>7,), then the bond will be destroyed.

2.3 Establishment of numerical model

To ensure the numerical particles are closer to the
actual particles, The irregular convex polyhedral generated
by random simulation technology (Zhou et al., 2009, 2017;
Matsumoto & Nishimura, 1998; Ma et al., 2011) are used
as boundary walls for numerically aggregated particles, and
then the rigid sphericity is randomly placed in the boundary
wall. As stated by Fu et al. (2017), in order to reasonably
reproduce the crushing behavior of particles, the number of
elementary balls in the aggregates needs to be 700-1000.
Therefore, the radius of the rigid sphere is set to 0.03 mm
in this experiment, which can ensure that the number of
elementary balls in each aggregate are more than 2500.
The rigid spheres are bonded by linear parallel bond model,
and a certain time step is run to eliminate the overlap between
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a. Actual particle

2.7500E+08
2.5000E+08
2.2500E+08
2.0000E+08
1.7500E+08
I 1.5000E+08
1.2500E+08
1.0000E+08

7.5000E+07
I 5.0000E+07

2.5000E+07
0.0000E+00

c. Numerical particle  d. Bond strength distribution

Figure 4. Actual sample and numerical sample.
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Figure 5. Frequency distribution of bond strength.

the rigid spheres until the particles reach equilibrium, finally
the boundary wall is removed. Considering that the strength
of each microelement of rock material has the heterogeneity
characteristics of Weibull distribution (Li, 1995; Krajcinovic
& Silva, 1982; Xu & Wei, 2002). Therefore, set the value
of tensile strength and the cohesion that representing the
bond strength between the elementary balls in the aggregate
particles to obey the Weibull distribution, as shown in Figure 4.
The Weibull distribution formula is derived from the Weibull
empirical formula (McDowell & Bolton, 1998), as follows:

5= *[—ln(l-U(O,l))]% (13)

where @ is the mean value of bond strength, t is a constant
value. They are obtained by debugging the numerical simulation
results to match the experimental results. Finally, the @ of the
tensile strength and cementation cohesion of this experiment are
setto 8.1 MPa, tis setto 1.5. U is a random value that obeys
the uniform distribution in [0,1]. Figure 5 shows the frequency
distribution of bond strength between the elementary balls.
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lLoad direction

Rigid wall

Figure 6. Schematic diagram of numerical sample loading.

In the loading process, two rigid numerical walls are
employed to simulate the rigid loading platens in physical
experiment. as shown in Figure 6. Before compressing, the
numerical sample is placed on the bottom rigid wall directing
vertically. The quasi-static loading is simulated by moving
the top rigid wall to the specimen at a certain speed (1 mm/
min) until the specimen is crushed. During the loading
process, the contact force and position of the top rigid wall
are monitored in real time. And, in order to further study the
microscopic breakage process of particle, the occurrence of
particle crushing is also obtained by real-time monitoring.

2.4 Calibration of the model

The microscopic parameters of the numerical model
are calibrated by matching the force-displacement curve of
the basalt particle crushing experiment, as shown in Figure 7.
The final selected microscopic parameters are shown in Table 2.

3. Results and discussion

3.1 Statistical analysis of particle crushing strength

According to the description of Jaeger (1967), the
crushing strength of particles when they are compressive
by two parallel platens can be expressed as:

_F
sy
where o is the crushing strength of the particles. F is the
peak force of the particles. d is the particle diameter, which
is equal to the distance between two loading platens prior
to compression. Experimental studies have shown that
(Zhou et al., 2019; Zhang & Huang, 2022), the survival
probability P, of rock particles with different size under
uniaxial compression obeys Weibull distribution:

3 m
d c
neenl 5 (5
0 0
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Figure 7. Comparison between simulation result and experiment
result.

where d, is the reference particle diameter, o, is the
characteristic crushing strength when 37% of the particles
survive, m is the Weibull modulus.

In the particle crushing experiment, the particle survival
probability P, can be calculated by the following:

p 1 (16)

where i is the number of surviving particles at the applied
tensile stress, N; is the total number of particles.

Substituting d = d,jinto Equation 15, and taking quadratic
natural logarithm on both sides, we can get:

PG

The Equation 17 shows that the c and the P, have a
linear relationship in the double logarithmic coordinates, and
the slope of the straight line is the size of the m.

According to Equations 15-17, Figure 8 shows the
survival probability plot and the normalized survival
probability plot of experimental test particles and numerical
simulation particles with different particle sizes in this study,
the normalized survival probability plot embedded in the
survival probability plot. From the diagram, it can be seen
that the crushing strength of all rock particles and numerical
particles with different sizes are satisfied the Weibull statistical
model well. Table 3 presents the results of experimental tests
and numerical simulations for the characteristic crushing
strength and Weibull modulus. It can be seen that with the
increase of particle size, the characteristic crushing strength
and Weibull modulus of the experiment test and numerical
simulation are decreasing, showing a significant size effect.
In addition, from Figure 8 and Table 3, it can be also found

(17
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Table 2. Microscopic parameters of numerical samples.

Parameter Symbol Value
Linear parallel bond model Effective modulus E* (Pa) 3.8x10°
Normal stiffness En(N/m) 1x10!°
Shear stiffness k, (N/m) 8x10°
Stiffness ratio k, /kq 1.25
Tensile strength G, (Pa) Weibull distribution
Cohesion ¢ (Pa) Weibull distribution
Friction angle D (°) 55
Friction coefficient M* 0.1
Modeling Parameters Density P (kg/m®) 2650
Damping coefficient B 0.7
Rigid radius R (mm) 0.03
Legend: see List of Symbols and abbreviations.
Table 3. The results of ) and m.
Experiment test Numerical simulation
Particle size (mm)
Gy (MPa) Gy (MPa) m
6-9 36.90 3.09 39.82 3.15
9-12 33.68 2.93 35.28 3.04
12-15 28.94 2.92 29.90 3.01
15-18 25.27 2.84 26.19 291
18-21 24.28 2.74 24.46 2.79

that the experiment test results, and numerical simulation
results are quite close, indicating that the numerical model
proposed in this paper is reasonable.

3.2 Influence of particle size on particle crushing mode

Due to the complex morphology of rock particles and
the heterogeneity of microelement strength, a variety of
overall failure modes will occur during uniaxial compression
(Zhang et al., 2022; Ma et al., 2017). In this study, according
to the force-displacement curve pattern and the different forms
in the crushing process of the real particle and numerical
particle, the particles are roughly divided into three different
failure modes, as shown in Figure 9.

Figure 9a Mode [, at the beginning of loading, the edges
and corners of the particle surface will be broken first, and
the force-displacement curve of particle crushing will have
multiple peaks at this time. Then, with the increase of load
force, a main crack appears in the middle of the particle,
and the force-displacement curve drops sharply. Finally,
the particles are break into two fragments of similar size,
showing a typical “brittle failure” characteristic.

Figure 9b Mode I, at the initial stage of loading, the
surface of the particles is slightly break, and the axial force

also fluctuates slightly. When the load force continues to
increase, multiple microcracks will appear on the surface
of the particles, and the whole particles begin to damage.
With the rapid expansion of the main crack, the axial force
drops greatly. Finally, the secondary crack and the main
crack run through the sample synchronously, making the
particles break into multiple fragments, showing a “quasi
brittle failure” characteristic.

Figure 9¢ Mode I1I, at the beginning of loading, there
will be a certain grinding and crushing on the surface of the
particles, accompanied by a small drop of the axial force.
When the load force continues to increase, multiple cracks
in the particles simultaneously expand and penetrate the
sample, making the axial force fluctuating increase. Finally,
the particles are break into multiple fragments, showing a
certain degree of “ductile failure” characteristic.

Figure 10 shows the statistical frequency of different
failure modes in each rock particle size group. From the
Figure 10, with the increase of particle size, the Statistical
frequency of Mode I is gradually increasing, and the statistical
frequency of Mode II and Mode III is gradually decreasing.
It is means that, the failure mode of particles gradually changes
from “ductile” failure mode to “brittle” failure mode with
the particle size increase.
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4. Microscopic mechanism of size effect on
particle crushing behavior

4.1 Microscopic damage characteristic and size
correlation of particle crushing

In order to further explore the microscopic mechanism
of the size effect of particle crushing behavior, five numerical
particles of different size groups were selected. And the
changes of the overall damage ratio p, the damage ratio of
the weak bonds p,, and the damage ratio of the strong bonds
Py, were recorded until the particle reached the peak crushing
force. Here, p is defined as the ratio of the number of broken
bonds in the compression process to the total number of
bonds in the initial particle sample. p,, and py, are defined
as the ratio of the number of weak bonds broken and strong
bonds broken in the compression process to the total number
of bonds in the initial particle sample, respectively (weak
bonds are defined as bonds with bond strength below the
@; strong bonds are defined as bonds with bond strength
above the @). For statistical convenience, the bonds of whole
numerical particle are only divided into two types of strong
and weak bonds.

Figure 11 shows a graph of the variation of p during
the compression. The value of the horizontal coordinate
corresponding to the dotted line in the diagram is the axial
displacement of the particle when it reaches the peak crushing
force. From the diagram, p is approximately the same when
the peak crushing force is reached for particles of different
sizes, about 14%. This means that the overall damage ratio of
the internal bonds is the same when the particles of different
sizes are broken.

Figure 12 shows the proportion of the damage ratio
of strong and weak bonds within the numerical particles of
different sizes reach the peak crushing force. From the diagram,
when the numerical particles reach the peak crushing force,
the damage ratio of the weak bonds p,, are significantly higher
than the damage ratio of the strong bonds py,. Defining the
bonds damage ratio ¥ = p,, /py,, and count the size of ¥ for
numerical particles of different particle sizes, as shown in
Figure 13. From the diagram, it can be found that the value
of ¥ is increasing as the particle size increases, indicating
that the larger the numerical particle size, the weaker bonds
will be broken when the peak crushing force is reached.

4.2 Microscopic damage function model of particle
crushing

For typical brittle rock particles, the damage of failure
mode is mainly dominated by axial tensile damage caused by
rock intergranular fracture, and the damage surface is usually
the middle region of the specimen where the internal tensile
stress is larger and parallel to the load direction (Wei et al.,
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Figure 11. Graph of the variation of p.
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2022; Ma et al., 2019; Liang et al., 2015; Zhang & Zhao,
2013), which can be simplified by Figure 14.

For the numerical particle crushing test, it can be
considered that the particle crushing is mainly caused by the
fracture of the bonds in the failure surface. When the particles
are broken, it can be considered that the peak crushing force
is positively correlated with the number of effective bonds
(the number of bonds broken when the particles are damaged
by compression), which can be expressed as:

Foa Ne :Np (1 8)
where F represents the peak crushing force of particles, N,
represents the number of effective bonds, N represents the
total number of bonds of particles, p represents the overall
damage ratio of bonds when the particle reaches the peak
crushing force, so p=p,, Py, then Equation 18 is:

Foc N(py, *py ) (19)

Let the a,, and a; represent the contribution effect of
weak and strong bonds to the peak particle crushing force,
respectively, and the magnitude of their values is related to
the bond failure strength, then we have:

F=a,Np, +a; Np, (20)
Transforming the Equation 20 we can get:
k,-1
F=a Np(l1+— 21
a Np(1+200) @1

where k,=a, /a,,, because of k; represents the ratio of the
contribution effect of strong bonds and weak bonds to the
peak crushing force of particles, so k; >1. Considering
that the failure mode of brittle rock particles is axial tensile
failure, so the total number of bonds in the failure surface
is positive correlation to the particle diameter, which can be
expressed by N=k2d2. Combining with Equations 14 and
21, the relationship between particle crushing strength ¢ and
bonds damage ratio ¥ can be expressed as:

k,-1

o=—Fealop(ls

1+¥ @)

For the same kinds of rock particle materials, a .k,
and p can be considered as constants that do not change with
the particle size. So let a k,p=k;, then the Equation 22 is:

k-1
1+

o=k, (1+ ) (23)

The Equation 23 gives the functional relationship
between the particle crushing strength and the damage ratio of
the strong and weak bonds during the compression crushing
process of particles with different sizes. Combining with the

Damage surface

=

D Strong bond
D Weak bond

Figure 14. Simplified diagram of particle crushing.
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Figure 15. Relationship curve between ¢ and V.

numerical test results, the relationship between the particle
crushing strength ¢ and the damage ratio ¥ can be obtained
as shown in Figure 15. The result shows that, the Equation
23 can better characterize the relationship between ¢ and
¥, its R? value is 0.98.

Finally, combined with the results of the Figure 11,
Figure 13, and Equation 23, it can be seen that, for different
sizes of particles, the overall damage ratio of internal bonds does
not change with the change of particle size when the particles
are crushed. But with the increase of particle size, the damage
ratio of the weak bonds gradually increases, and the damage
ratio of the strong bonds gradually decreases when the particles
are crushed, which makes the crushing strength of the particles
show a size correlation. Showing as the crushing strength of
large-size particles is lower than the small-size particles, the
crushing strength of the particles show a size effect.

5. Conclusions

The uniaxial compression experiments of rock particles
with different particle sizes were carried out by experiments
and numerical simulation. The main conclusions are as follows:
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(1) Based on the discrete element method, a discrete
element numerical model considering the characteristics
of microscopic heterogencous bond strength was
established. Through the comparison of experiments
test and numerical test results, it can be seen that
the proposed discrete element numerical model can
effectively reproduce the size effect of rock particle
crushing behavior;

(2) According to the characteristics of force-displacement
curve and particle failure characteristics in the process
of rock particle compression, the failure mode of rock
particles can be roughly divided into three failure
modes. With the increase of particle size, the failure
mode gradually changes from “ductile” failure mode
to “brittle” failure mode, and the degree of particle
crushing is gradually significant;

(3) Based on the numerical test results, a constitutive
model between the crushing strength of particles
with different sizes and the damage ratio of strong
and weak bonds is established, and it is believed that
when the particle crushed, the overall damage ratio
of bonds inside the particle does not change with
the change of the particle size, but the damage ratio
of weak bonds inside the particle increase with the
increase of the particle size, and the damage ratio
of strong bonds decreases with the increase of the
particle size. This mechanism makes the particle
crushing strength show a significant size correlation,
which is manifested in the fact that the crushing
strength of large-size particles is lower than that of
the small-size particles.

It is worth noting that although the numerical simulation
method proposed in this study can to some extent reproduce
the size effect characteristics of rock particle fragmentation
behavior. However, this method has certain limitations.
As the simulated particle size decreases and the number
increases, the computational complexity of the numerical
model will sharply increase. This not only requires higher
computing resources but may also lead to significantly
prolonged simulation time. In addition, when dealing with
large-scale granular systems, numerical simulations may be
limited by computing power and unable to fully reproduce
real physical processes. Therefore, in future research, it is
necessary to continuously optimize model parameters in
order to improve computational efficiency.
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List of symbols and abbreviations

ap The contribution effect of strong bonds to the peak
particle crushing force

a, The contribution effect of weak bonds to the peak
particle crushing force

c Cohesion

d Particle diameter

d, Reference particle diameter

i Number of surviving particles at the applied tensile
stress

k, a,/a,,

ky N/d?

ks aykop

k, Normal stiffness

k, /k, Stiffness ratio

K, Shear stiffness

m Weibull modulus

n, Unit-normal vector

p Overall damage ratio

Py Damage ratio of the strong bonds

Pw Damage ratio of the weak bonds

t A constant value

A Cross-sectional area
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